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Abstract. The aim of this work is to define a continuous functional calculus 
in quaternionic Hilbert spaces, starting from basic issues regarding the notion 
of spherical spectrum of a normal operator. As properties of the spherical 
spectrum suggest, the class of continuous functions to consider in this setting 
is the one of slice quaternionic functions. Slice functions generalize the con- 
cept of slice regular function, which comprises power series with quaternionic 
coefficients on one side and that can be seen as an effective generalization to 
quaternions of holomorphic functions of one complex variable. The notion of 
slice function allows to introduce suitable classes of real, complex and quater- 
nionic C*-algebras and to define, on each of these C*— algebras, a functional 
calculus for quaternionic normal operators. In particular, we establish several 
versions of the spectral map theorem. Some of the results are proved also 
for unbounded operators. However, the mentioned continuous functional cal- 
culi are defined only for bounded normal operators. Some comments on the 
physical significance of our work are included. 
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1. Introduction 

Functional calculus in quaternionic Hilbert spaces has been focused especially by 
mathematical physicists, concerning the application of spectral theory to quantum 
theories (see e.g. [TJ [T^l HH [H] ) . As a careful reading of these works reveals, most 
part of results have been achieved into a non completely rigorous fashion, leaving 
some open gaps and deserving further investigation. As a matter of fact, the clas- 
sic approach for complex Hilbert spaces, starting from the continuous functional 
calculus and then reaching the measurable functional calculus, has been essentially 
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disregarded, while attention has been devoted to the measurable functional cal- 
culus almost immediately. Furthermore, even more mathematically minded works 
on this topics, as |32| . do not present complete proofs of the claimed statements. 
Historically, an overall problem was the absence of a definite notion of spectrum 
of an operator on quaternionic Hilbert spaces. Such a notion has been introduced 
only few years ago 8 in the more general context of operators on quaternionic 
Banach modules. Therefore, on the one hand, no systematic investigation on the 
spectral properties of operators on quaternionic Hilbert spaces has been performed 
up to now. On the other hand, the many key-results available for non self-adjoint 
operators have been obtained by means of a Dirac bra-ket like formalism, which 
formally, but often erroneously, reduces the argumentations to the case of a vague 
notion of point spectrum. Finally, another interesting issue concerns the existence 
of a model of quaternions in terms of anti-self adjoint and unitary operators, com- 
muting with the self-adjoint parts of a given normal operator. Although that model 
is not completely understood and analyzed, it was extensively exploited in various 
technical constructions of physicists (see [1] and Theorem 15. 141 below) . 

The aim of this work is to provide a foundational investigation of continuous 
functional calculus in quaternionic Hilbert spaces, particularly starting from basic 
issues regarding the general notion of spherical spectrum (Definition 14. ip and its 
general properties (Theorems l4.3l and l4.8l and Propositions l4.5l and l4.7p . The general 
relation between the theory in complex Hilbert space and the one in quaternionic 
Hilbert spaces will be examined extending some classic known results (see e.g. [12] ) 
to the unbounded operator case (Proposition [3lTT]). In view of that general aim, up 
to Section |4?2| we shall not confine ourselves to the bounded operator case, but we 
shall consider also unbounded operators. However, the proper continuous functional 
calculus will be discussed for bounded normal operators only, thus postponing the 
non-bounded case to a work in preparation [18\. In particular, in the first part of 
the work, the general spectral properties of bounded and unbounded operators on 
quaternionic Hilbert spaces will be discussed from scratch. 

The pivotal tool in our investigation is the notion of slice function, whose rele- 
vance clearly pops up once the notion of spherical spectrum is introduced. As we 
shall prove, in the continuous case, that notion allows one to introduce suitable 
classes of real, complex and quaternionic C*-algebras and to define, on each of 
these C*-algebras, a functional calculus for normal operators. In particular, we 
establish several versions of the spectral map theorem. As our results show, the in- 
terplay between continuous slice functions and the space of operators is much more 
complicated than in the case of continuous functional calculus on complex Hilbert 
spaces. 

1.1. Slice functions, a key result and the main theorems. The concept of 
slice regularity for functions of one quaternionic variable has been introduced by 
Gentili and Struppa in [HI [16] and then extended to octonions, Clifford algebras 
and in general real alternative * -algebras in [T] HT] [191 EQ]. This function theory 
comprises polynomials and power series in the quaternionic variable with quater- 
nionic coefficients on one side. It can then be seen as an effective generalization to 
quaternions of the theory of holomorphic functions of one complex variable. 

At the base of the definition of slice regularity, there is the "slice" character of 
the quaternionic algebra: every element g G HI can be decomposed into the form 
q — a+jf3, where a, /3 G M and j is an imaginary unit in the two-dimensional sphere 
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§ = G H I = ^1}- This decomposition is unique when assuming further that 
/? > 0; otherwise, for non-real q, /3 and j are determined up to a sign. 

Equivalently, H is the union of the (commutative) real subalgebras Cj ~ C 
generated by j € S, with the property that Cj H = R when i ^ ±j, where R 
denotes the real subalgebra of IH generated by 1 . 

The original definition [15J 1161 of slice regularity for a quaternionic function /, 
defined on an open domain D, of H, requires that, for every j G §, the restriction of 
/ to i7 n Cj is holomorphic with respect to the complex structure defined by left 
multiplication by j. The approach taken in [1^ allows to embed the space of 
slice regular functions into a larger class, that of continuous slice functions, which 
corresponds in some sense to the usual complex continuous functions on the complex 
plane. 

The first step is to single out a peculiar class of subsets of H, those that are 
invariant with respect to the action of §. If /C C C is non-empty and invariant 
under complex conjugation, one defines the circularization fJ^c of K, (in H) as: 

f)^ = {a + j/3 e H I a, /3 e R, a + e /C, J e §}, 

and call a subset of H a circular set if it is of the form fix; for some K,. The 
second step is the introduction of stem functions. Let H 0r C be the complexified 
quaternionic algebra, represented as 

m®^<C^ {x + iy\x,y & 

with complex conjugation w~x + iy^w = x — iy. If a function F : IC — >■ M^JkC 
satisfies the condition F{'z) = F{z) for every z Cz IC, then F is called a stem 
function on IC. Any stem function F : IC — > H (g)K C induces a (left) slice function 
f = I{F) -.n^.'^M: if g = a + j/3 e f^K; n Cj, with j G §, we set 

f{q) ■.= F^{a + iP)+jF2{a + ip) , 

where Fi,F2 are the two H-valued components of F. In this approach to the 
theory, a quaternionic function turns out to be slice regular if and only if it is the 
slice function induced by a holomorphic stem function. 

The definition of a continuous slice function of a normal operator is based on a 
key result, which can interpreted as the operatorial counterpart of the slice character 
of H and which describes rigorously the just mentioned model of quaternions for 
bounded normal operators exploited by physicists. Theorem 15.91 in Section [5.41 can 
be reformulated as follows: 

Theorem J. Let H be a quaternionic Hilbert space and let ^(H) be the set of all 
bounded operators of H. Given any normal operator T G S(H), there exist three 
operators A,B,Je S(H) such that: 

(i) T^A + JB, 

(ii) A is self-adjoint and B is positive, 

(iii) J is anti self-adjoint and unitary, 

(iv) A, B and J commute mutually. 
Furthermore, the following additional facts hold: 

• A and B are uniquely determined by T : A^ (T + T*)^ and B — \T ~T*\^. 
9 J is uniquely determined by T on Ker{T — T*)^ . 

In the parallelism between this decomposition of T and the slice decomposition of 
quaternions, real numbers in H correspond to self-adjoint operators, non-negative 
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real numbers to positive operators and quaternionic imaginary units to anti self- 
adjoint and unitary operators. This parallelism suggests a natural way to define 
the operator /(T) for a continuous slice function /, at least in the case of H- 
instrinsic slice functions, i.e. those slice functions such that f{q) = f{q) for every 
q E flic- Observe that H-intrinsic slice functions leave all slices Cj invariant. If 
/ is a polynomial slice function, induced by a stem function with polynomials 
components Fi, F2 € F], then / is H-intrinsic and we define the normal 

operator /(T) e *8(H) by setting 

/(T) ■.^F,{A,B) + JF2iA,B), 

and then we extend the definition to continuous H-intrinsic slice functions by den- 
sity. We obtain in this way a isometric *-homomorphism of real Banach C*- 
algebras {Theorem \7.4i . In particular, continuous H-intrinsic slice functions satisfy 
the spectral map property f{as{T)) — (Ts{f{T)), where crs{T) denotes the spherical 
spectrum of T. 

The definition of f{T) can be extended to other classes of continuous slice func- 
tions. In this transition, some of the nice properties of the map / 1— > f{T) are 
lost, but other interesting phenomena appear. In Theorem \ 7. 8\ the slice functions 
considered are those which leave only one slice <Cj invariant. In this case, a *- 
homomorphism of complex Banach C*-algebras is obtained. A suitable form of 
the spectral map property continues to hold. In Theorem \7.10\ we consider circular 
slice functions, those which satisfy the condition f(q) = f{q) for every q. Differently 
from the previous cases, these functions form a non-commutative quaternionic Ba- 
nach C*-algebra. In this case, we still have an isometric * -homomorphism, but the 
spectral map property holds in a weaker form. In Proposition \7.12\ we show how 
to extend the previous definitions of f{T) to a generic continuous slice function /, 
but in this case also the * -homomorphism property is necessarily lost. Finally, in 
Section 17.51 we show that the continuous functional calculus defined above, when 
restricted to slice regular functions, coincides with the functional calculus developed 
in [5] as a generalization of the classical holomorphic functional calculus. 

1.2. Physical significance. As remarked by Birkhoff and von Neumann in their 
celebrated seminal work on Quantum Logic in 1936 j^. Quantum Mechanics may 
alternatively be formulated on a Hilbert space where the ground field of complex 
numbers is replaced for the division algebra of quaternions. Nowadays, the picture 
is more clear on the one hand and more strict on the other hand, after the efforts 
started in 1964 by Piron [23 and concluded in 1995 by Soler [30], and more recently 
reformulated by other researchers (see e.g. [2]). Indeed, it has been rigorously 
established that, assuming that the set of "yes-no" elementary propositions on a 
given quantum system are described by a lattice that is bounded, orthomodular, 
atomic, separable, irreducible, verifying the so-called covering property (see [3l 
[131 [21]) and finally, assuming that certain orthogonal systems exist therein, then 
the lattice is isomorphic to the lattice of orthogonal projectors of a generalised 
Hilbert space over the fields R, C or over the division algebra of quaternions H. No 
further possibility is allowed. Actually, the first possibility is only theoretical, since 
it has been proved that, dealing with concrete quantum systems, the description 
of the time-reversal operation introduces a complex structure in the field that 
makes, indeed, the real Hilbert space a complex Hilbert space (see [1]). Therefore, 
it seems that the only two realistic possibilities allowed by Nature are complex 



QUATERNIONIC SLICE FUNCTIONAL CALCULUS 



5 



Hilbert spaces and quaternionic ones. While the former coincides to the mainstream 
of the contemporary quantum physics viewpoint, the latter has been taken into 
consideration by several outstanding physicists and mathematical physicists, since 
the just mentioned paper of BirkhofF and von Neumann. Adler's book [1 represents 
a quite complete treatise on that subject from the point of view of physics. 

While all the fundamental results, like Gleason theorem and Wigner theorem, 
can be re-demonstrated in quaternionic quantum mechanics with minor changes 
(see |31j). its theoretic formulation differs from the complex formulation in some key 
points related to the spectral theory, the proper language of quantum mechanics. 
Perhaps, the most important is the following. Exactly as in the standard approach, 
observables are represented by (generally unbounded) self-adjoint operators. How- 
ever, within the complex Hilbert space picture, self-adjoint operators enter the 
theory also from another route due to the celebrated Stone theorem. Indeed, self- 
adjoint operators, when multiplied with i, become the generators of the continuous 
one-parameter groups of unitary operators representing continuous quantum sym- 
metries. More generally, in complex Hilbert spaces, in view of well-known results 
due to Nelson [25], anti self-adjoint operators are the building blocks necessary 
to construct strongly continuous unitary representations of Lie groups of quantum 
symmetries. This way naturally leads to the quantum version of Noether theorem 
relating conserved quantities (i times the anti self-adjoint generators representing 
the Lie algebra of the group) and symmetries (the one-parameter groups obtained 
by exponentiating the given anti self-adjoint generators) of a given quantum sys- 
tem. This nice interplay, in principle, should survive the passage from complex to 
quaternionic context. However, a difficult snag pops up immediately: the relation- 
ship between self-adjoint operators S and anti self-adjoint operators A is much 
more complicated in quaternionic Hilbert spaces than in complex Hilbert spaces. 
Indeed, in the quaternionic case, an identity as ^ = JS holds, where J is an op- 
erator replacing the trivial i in complex Hilbert spaces. Nevertheless, A does not 
uniquely fix the pair J, S so that the interplay of dynamically conserved quantities 
and symmetries needs a deeper physical investigation in quaternionic quantum me- 
chanics. This issue affects all the physical construction from scratch as it is already 
evident from the various mathematically inequivalent attempts to provide a phys- 
ically sound definition of the momentum operator of a particle. Furthermore, one 
has to employ quite sophisticated mathematical tools as the quaternionic version 
of Mackey's imprimitivity theorem (see [5]). The operator J has to satisfy several 
constraints, first of all, it has to commute with S and it has to be anti self-adjoint. 
The polar decomposition theorem, re-formulated in quaternionic Hilbert spaces, 
provides such an operator, at least for bounded anti self-adjoint operators A. In 
some cases, it is convenient for technical reasons to look for an operator J that is 
also unitary and that it is accompanied by two other similar operators / and K, 
commuting with S, such that they define a representation of the imaginary quater- 
nions in terms of operators (see Section 2.3 of [1]). This is not assured by the polar 
decomposition theorem and the existence of such anti self-adjoint and unitary op- 
erators /, J, K is by no means obvious. This is one of the key issues tackled in this 
work. Indeed, in Theorem 15.91 we prove that, every normal operator T can always 
be decomposed as T = ^ + JB, with A, B self-adjoint and J anti self-adjoint, 
unitary and commuting with both A and B. Moreover, J can always be written 
as Lj for some (quaternionic) imaginary unit i, where EI 9 g i— > e ^(H) is a 
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*-representation of H in terms of bounded operators, commuting with A and B 



(see Theorem 15. 14|) . 



The systematic investigation of the properties of the above-mentioned operators 
J win enable us to state and prove a quite general proposition (Proposition |3TT] ex- 
tending previous results by Emch [12 ) concerning the extension to the whole quater- 
nionic Hilbert space and the properties of such extensions of (generally unbounded) 
operators initially defined on complex subspaces of the quaternionic Hilbert space 
induced by J. 

As we have just recalled, when looking at this matter with a mathematically 
minded intention, the most problematic issue in the known literature on quater- 
nionic quantum mechanics is the notion of spectrum of an operator. As is known, in 
the case of self-adjoint operators representing quantum observables, the Borel sets 
in the spectrum of an observable account for the outcomes of measurements of that 
observable. The definition of spectrum of an operator in quaternionic Hilbert spaces 
turns out to be problematic on its own right in view of the fact that quaternions are 
a non commutative ring and it generates troubles, already studying eigenvalues and 
eigenvectors: an eigenspace is not a subspace because it is not closed under multipli- 
cation with scalars. However, at first glance, all that could not appear as serious as 
it is indeed, because self-adjoint operators should have real spectrum where quater- 
nionic noncommutativity is ineffective. Nevertheless, as stressed above, self-adjoint 
operators are not the only class of operators relevant in quaternionic Hilbert spaces 
for quantum physics, since also unitary and anti self-adjoint play some important 
role. Therefore, a full fledged notion of spectrum for normal operators should be in- 
troduced. In spite of some different formulations of the spectral theorem for normal 
operators |32] , a notion of the spectrum and of a generic operator in quaternionic 
Hilbert spaces as well as a systematic investigation on its properties do not exist. 
As a matter of fact, mathematical physicists [12l [TH [21] always tried to avoid to 
face this issue confining their investigations to (bounded) self-adjoint operators 
and passing to other classes of operators by means of quite ad hoc arguments and 
very often, dealing with the help of Dirac bra-ket formalism, not completely jus- 
tified in these contexts. This remark concerns physicists, [1^ in particular, who 
adopt the popular and formal bra-ket procedure, assume the naive starting point 
where the spectrum is made of eigenvalues even when that approach is evidently 
untenable and should be handled with the help of some rigged quaternionic Hilbert 
space machinery similar to Gelfand's theory in complex Hilbert spaces. While all 
these approaches are physically sound and there are no doubts that the produced 
results are physically meaningful, an overall rigorous mathematical formulation of 
the quaternionic spectral theory still does not exist. The absence of a suitable no- 
tion of spectrum has generated a lack in the natural development of the functional 
calculus. As a matter of fact, in the complex Hilbert space theory, the functional 
calculus theory on the spectrum starts by the definition of a continuous function of 
a given normal operator and then passes to define the notion of measurable function 
of the operator. The projector-valued measures exploited to formulate the spectral 
theory, the last step of the story, are subsequently constructed taking advantage of 
the measurable functional calculus. In quaternionic Hilbert space, instead, a for- 
mulation of the spectral theorem exists |32| without any systematic investigation 
of the continuous and measurable functional calculus, nor an explicit definition of 
the spectrum of an operator. 
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A pivotal notion in this paper is just that of spherical spectrum of an operator 
in a quaternionic Hilbert space. We state it (Definition 14. f|) by specializing (and 
re-elaborating in the case of unbounded operators) the definition recently proposed 
by Colombo, Sabadini and Struppa in [8 for operators in quaternionic two-side Ba- 
nach modules. We see that, in spite of the different definition (based on a second 
order polynomial) , the properties of the spectrum of an operator (Theorem 14. 8p 
are natural generalizations of those in complex Hilbert spaces. In particular, the 
point spectrum, regardless an apparently inequivalent definition, turns out to be 
the set of eigenvalues exactly as in the complex Hilbert space case (Proposition 
14. 5|) . Moreover, a nice relationship appears fProposition 15.111 between the stan- 
dard notion of spectrum in complex Hilbert spaces and the quaternionic notion of 
spectrum, for those operators that have been obtained as extensions of operators on 
complex Hilbert subspaces as pointed out above. The definition and the properties 
of the spectrum not only allow to construct a natural extension of the continuous 
functional calculus to the quaternionic Hilbert space case, but they permit us to 
discover an intriguing interplay of the continuous functional calculus and the theory 
of slice functions. 

2. Quaternionic Hilbert spaces 

In this part, we summarize some basic notions about the algebra of quaternions, 
quaternionic Hilbert spaces and operators (even unbounded and defined in proper 
subspaces) on quaternionic Hilbert spaces. In almost all cases, the proofs of the 
various statements concerning quaternionic Hilbert spaces and operators thereon 
are very close to the analogues for the complex Hilbert space theory. Therefore, we 
shall omit the corresponding proofs barring some comments if necessary. 

2.1. Quaternions. The space of quaternions H is the four dimensional real algebra 
with unity we go to describe. 

We denote by the null element of H and by 1 the multiplicative identity of H. 
The space H includes three so-called imaginary units, which we indicate by i,j, k. 
By definition, they satisfy (we omit the symbol of product of the algebra): 

(2.1) ij = —ji = fc, ki = —ik = j, jk = —kj = i, ii ^ jj = kk = —1 . 

The elements l,i,j,k are assumed to form a real vector basis of H, so that any 
element q € M takes the form: q = al + bi + cj + dk, where a, 6, c, and d belong 
to M and are uniquely determined by q itself. We identify R with the subalgebra 
generated by 1. In other words, if a € R, we write simply a in place of al. The 
product of two such elements is individuated by (j2.ip . assuming associativity and 
distributivity with respect to the real vector space sum. In this way, H turns out 
to be a non-commutative associative real division algebra. 
Given q ^ a + bi + cj + dk G M, we recall that: 

• q :^ a — bi — cj — dk is the conjugate quaternion of q. 

• \q\ := v^9^ = + + + G R is the norm of q. 

• Re{q) := ^(g + g) = a e M is the real part of q and lrR{q) := ^{q — q) = 
bi + cj + dk is the imaginary part of q. 

The element g e H is said to be real it q = Re(q). It is easy to see that q is real if 
and only if qp — pq for every p G H or, equivalently, if and only iiq = q. If g = — g 
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or, equivalently, q ~ Ini(g), then q is said to be imaginary. We denote by Ini(H) 
the imaginary space of H and by § the sphere of unit imaginary quaternions: 

Ini(H) := {q e H I g = Im((7)} =- {hi + cj + dfc G H | 6, c, d G M} 

and 

§ := {q e Im(H) | \q\ = 1} = {hi + cj + dfc G H | 6, c, d G M, fe^ + + rf^ = i}. 

As said in the introduction, the set § is also equal to{(7eH|(7^ = — 1}. 

We define IR+ := {a e R | a > 0} and we denote by N the set of all non-negative 
integers. 

Remark 2.1. (1) Notice that pq — qp, so the conjugation reverses the order of the 
factors. 

(2) I • I is, indeed, a norm on H, when it is viewed as the real vector space W^. It 
also satisfies |1| = 1, j^l = |q| if g € H and the remarkable identity: 

\pq\^\p\\q\ ifp,geH. 

(3) For every j E §, denote by Cj the real subalgebra of H generated by j; that 
is, Cj := {a + jf3 E M\a, (3 E M}. Given any q eM, we can write 

q = a + j/3 for some a, /? € M and j E E>. 

Evidently, a and |/3| are uniquely determined: a = Re(g) and |/3| = |Im((7)|. If 
g € M, then (3 = and hence j can be chosen arbitrarily in §. Thanks to the Inde- 
pendence Lemma (see [TTl §8.1]), if g € H\K, then there are only two possibilities: 
(3 = ±|Im(g)| and j = /3^^lm{q). In other words, we have that H = Ujes^j ^^'^ 
Cj n Ck = K for every j,k eE> with j ^ ±k. 

(4) Two quaternions p and q are called conjugated (to each other), if there is 
s G H \ {0} such that p = sqs~^. The conjugacy class of q- that is, the set of all 
quaternions conjugated with q, is equal to the 2-sphere := Re{q) + |Im((7)|§ of 
H. More explicitly, ii q = a + hi + cj + dk, then we have that 

E>q = {a + xi + yj + zk EB.\x,y,z E M, + + = 6^ + + d^}. 

In particular, q and q are always conjugated, because q E Sq. 

It is worth stressing that the following assertions are equivalent: 

• p and q are conjugated, 

• Re{p) = Re(g) and |Im(p)| = |Im((7)|, 

• Re{p) = Re(g) and \p\ = \q\. 

(5) Equipped with the metric topology induced by the norm | • |, H results to be 
complete. Indeed, as a normed real vector space, it is isomorphic to endowed 
with the standard Euclidean norm. In particular, given a sequence {gnjnGN in H, if 
the series J^nenln converges absolutely; that is, J^nen \ln\ < +oo, then X^nsN 9" 
converges to some element g of H and such a series can be arbitrarily re-ordered 
without affecting its sum q. 

2.2. Quaternionic Hilbert spaces. Let recall the definition of quaternionic Hilbert 
space (see e.g. [5j). Let H be a right H-module; that is, an abelian group with a 
right scalar multiplication 

H X M 3 {u, q) ^ uq E H 
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satisfying the distributive properties with respect to the two notions of sum: 

{u + v)q — uq + vq and v{p + q) = vp + vq if u, t; G H and p, g G M, 

and the associative property with respect to the quaternionic product: 

v(jjq) ~ {vp)q if w G H and p, q G H. 

Such a right H-module H is cahed quaternionic pre-Hilbert space if there exists 
a Hermitean quaternionic scalar product; that is, a map H x H 9 (u, w) i— > {u\v) G H 
satisfying the following three properties: 

• (Right linearity) {u\vp + wq) — {u\v)p + {u\w)q if p, g G H and u,v,w lE H. 

• (Quaternionic Hermiticity) {u\v) — {v\u) if u,v £ H. 

• (Positivity) If u G H, then {u\u) G M+ and u = if (u|w) = 0. 

Suppose that H is equipped with such a Hermitean quaternionic scalar product. 
Then we can define the quaternionic norm || • || : H — M^" of H by setting 

(2.2) \\u\\ := if uGH. 

The function || • || is a genuine norm over H, viewed as a real vector space, and the 
above defined scalar product (-I-) fulfills the standard Cauchy-Schwarz inequality. 

Proposition 2.2. The Hermitean quaternionic scalar product (-I-) satisfies the 
Cauchy-Schwarz inequality: 

(2.3) \{u\v)f < {u\u) {v\v) tfu,veH. 

Moreover, the map H 3 u h- !■ ||w|| G K+ defined in (12. 2p has the following properties: 

• llitqll = ||w|| \q\ i/ u G H and g G H. 
. \\u + v\\ < \\u\\ + \\v\\ ifu,ve H. 

• If \\u\\ = for some u G H, then u ~ 0. 

• //u, w G H, then the following polarization identity holds: 

A{u\v) =:||m + w|p - \\u - w|p + (\\ui + w|p - \\ui - u|p) i+ 

(2.4) + {\\uj + v\\'^ - \\uj - j + {\\uk + v\\^ ~ \\uk - k. 

We explicitly present the proof of the above statement just to give the flavour of 
the procedure taking the non-commutativity of the scalars into account. The result 
is evident if v = 0. Assume v ^ 0. Concerning (|2.3p . we start from the inequality 

< {up — vq\up — vq) = p{u\u)p + q{v\v)q — p{u\v)q — q{v\u)p. 

Choosing p = {v\v) and q — {v\u), we obtain: 

< {v\v) {{u\u){v\v) — {u\v){v\u)) . 

Since {v\v) > and {u\v){v\u) = {v\u){v\u) = \{v\u)\'^ = l('"b>P, follows 
immediately. Let us pass to the norm properties. With regards homogeneity, 
exploiting the fact that {u\u) is real and thus it commutes with all quaternions, 
we obtain: ||ug|p = {uq\uq) = q{u\u)q = qq{u\u) = |gp||u|p. Triangular inequality 
follows from ()2.3|) . Indeed, bearing in mind that |Re(g)| < |g| for every g G H, it 
holds: 

\\u + vf ^{u + v\u + v) = ||-it||^ + + 2Re((u|u)) < 
<\\uf + \\vf + 2\{u\v)\ < 
<\\ur + \\vr + 2\\u\\\\v\\^[\\u\\ + \\v\\f. 
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The polarization identity can be proved by direct inspection. 

From the positivity and the triangular inequality, it follows that: 

(2.5) d{u,v) ■.= \\u-v\\ ifM,ueH 

defines a (translationally invariant) distance. One easily verifies that, in view of 
the given definitions, the operations of sum of vectors and right multiplication of 
vectors and quaternions are continuous with respect to the topology induced by d. 
Similarly, the scalar product is jointly continuous as a map from H x H to H. 

As soon as we are equipped with a metric topology, it makes sense to state the 
following definition. 

Definition 2.3. The quaternionic pre-Hilbert space H is said to be a quaternionic 
Hubert space if it is complete with respect to its natural distance d. 

In what follows, given a quaternionic Hilbert space H , we will implicitly assume 
that H ^ {0}. 

A function / : H — > H is right M-linear if f{u + v) = f{u) + f{v) and f(uq) = 
f{u)q for every -u, w S H and g e H. Let H' be the topological dual space of H 
consisting of all continuous right H-linear functions on H. Equip H' with its natural 
structure of left IHI~module induced by the left multiplication by H: if / € H' and 
0' G H, then qf is the element of H' sending u S H into qf{u) G H. 

The following result is an immediate consequence of quaternionic Hahn-Banach 
theorem (see P, §2.10] and [8, §4.10]). 

Lemma 2.4. Let V\ be a quaternionic Hilbert space and let u ^ H. If f{u) = for 
every f G H', then u ^ 0. 

It is possible to re-cast the definition of Hilbert basis even in the quaternionic- 
Hilbert-space context. Given a subset A of H, we define: 

■.= {veH\ {v\u) = Vm e A}. 

Moreover, < A > denotes the right H-linear subspace of H consisting of all finite 
right H-linear combinations of elements of A. 

Let / be a non-empty set and let / 9 i i— > G be a function on /. As usual, 
we can define t'^^ following element of R+ U {+oo}: 



ai := sup < y^flj 



J is a non-empty finite subset of / 



It is clear that, if X^ie/ < +0Oi then the set of all i G / such that a,; ^ is at 
most countable. 

Given a quaternionic Hilbert space H and a map / 9 i i— > G H, one can say 
that the series X^ie/ converges absolutely if X^ie/ 11^*11 +oo. If this happens, 
then only a finite or countable number of Ui is nonzero and the series X^ie/ 
converges to a unique element of H, independently from the ordering of the u^'s. 

The next three results can be established following the proofs of their corre- 
sponding complex versions (see e.g. [24l [28] ). 

Proposition 2.5. Let V\ be a quaternionic Hilbert space and let N be a subset o/H 
such that, for z,z' G N , {z\z') — if z ^ z' and {z\z) = 1. Then conditions (a)-(e) 
listed below are pairwise equivalent. 
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(a) For every u,v G H, the series J2zeNi'^\^)i-^\''^) converges absolutely and it 
holds: 

{u\v) = 

(b) For every u € H, it holds: 

\\u\\' = J2\{z\u)\^. 

(c) = {0}. 

(d) < N > is dense in H. 

Proposition 2.6. Every quaternionic Hilbert space H admits a subset N , called 
Hilbert basis of H, such that, for z,z' g N, {z\z') =0 if z ^ z' and {z\z) = 1, and 
N satisfies equivalent conditions (a) -(d) stated in the preceding proposition. Two 
such sets have the same cardinality. 

Furthermore, if N is a Hilbert basis of H , then every w e H can be uniquely 
decomposed as follows: 

zeN 

where the series '^zeN ■^i'^l''^) converges absolutely in H. 

Theorem 2.7. If H is a quaternionic Hilbert space and $ ^ A d H, then it holds: 

=< A >^= < A>^ ^ < A>^ , (iy=(A^)-L and A^®<A>^H, 

where the bar denotes the topological closure and the symbol ® denotes the ortho- 
gonal direct sum. 

Taking the previously introduced results into account, the representation Riesz' 
theorem extends to the quaternionic case. This result can be proved as in the 
complex case (see e.g. [H]). 

Theorem 2.8 (Quaternionic representation Riesz' theorem). IfH is a quaternionic 
Hilbert space, the map 

H 9 w (w I • ) e H' 

is well-posed and defines a conjugate~M-linear isomorphism. 

2.3. Operators. First of all, we present the general definition of what we mean by 
a right H-linear operator. 

Definition 2.9. Let H be a quaternionic Hilbert space. A right M-linear operator 
is a map T : D{T) — > H such that: 

T{ua + vb) = {Tu)a + {Tv)b if w, w G D{T) and a, 6 e H, 

where the domain D{T) of T is a (not necessarily closed) right H-linear subspace 
of H. We define the range Ran{T) ofT by setting Ran{T) := {Tu €H\ue D{T)}. 

In what follows, by the term "operator" , we mean a "right M~linear operator". 
Similarly, by a "subspace", we mean a "right M-linear subspace" . 

Let T : D(T) — > H and S : D{S) — ^ H be operators. As usual, we write T d S 
if D{T) C D{S) and S\d{t) — T. In this case, S is said to be an extension of T. 
We define the natural domains of the sum T + S and of the composition TS by 
setting D{T + S) := D{T) n D{S) and D{TS) {x e D{S) \ Sx G D{T)}. Here 
we use the symbols TS and Sx \n- place of T o S* and S(x), respectively. 
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The operator T is said to be closed if the graph g{T) D{T) Ran{T) of T is 
closed in H X H, equipped with the product topology. Finally, T is called closable if 
it admits closed operator extensions. In this case, the closure T of T is the smallest 
closed extension. 

We have the following elementary, though pivotal, result that permits the intro- 
duction of the notion of bounded operator. The proof is the same as for complex 
Hilbert spaces (see e.g. [24j[28]). 

Theorem 2.10. //H is a quaternionic Hilbert space, then an operator T : D{T) — > 
H is continuous if and only if is hounded; that is, there exists K >{) such that 

\\Tu\\<K\\u\\ ifueD{T). 

Furthermore, a bounded operator is closed. 

As in the complex case, if T : D{T) — > H is any operator, one define ||r|| by 
setting 

(2.6) ||r|| sup ^^ = M{K eW\\\Tu\\<K\\u\\yueD{T)}. 

«ei3(T)\{o} \m\ 

Denote by *8(H) the set of all bounded (right H-linear) operators of H: 

Q3(H) {T : H — ^ H operator | ||r|| < +oo}. 

It is immediate to verify that, if T and S are operators in S(H), then the same is 
true for T + S and TS, and it holds: 

(2.7) ||T + 5||<||r|| + ||5|l and |1T5|1 < |lr|l 

The reader observes that 03 (H) has a natural structure of real algebra, in which 
the sum is the usual pointwise sum, the product is the composition and the real 
scalar multiphcation ®(H) x R 9 (T, r) H> Tr S *B(H) is defined by setting 

(2.8) (rr)(M) := r(u)r. 

In Section [3. 2 [ we will extend this real algebra structure to a quaternionic two-sided 
Banach unital C*-algebra structure. The reader observes that definition (|2.8|) can 
be repeated for every operator T : D{T) — > H. 

It is worth introducing here a notion, which will be useful later. As usual, we 
denote by M.[X] the ring of real polynomials in the indeterminate X. For conve- 
nience, we write the polynomials in M.[X\ with coefficients on the right. Given 
P{X) = Y1^^ X^Wh in we define the operator P{T) G 5B(H) as follows: 

d 

(2.9) P{T) ■.= Y,T\h, 

h=0 

where is considered to be equal to the identity operator I : H — !• H of H. 

The norm of <B(H) allows us to define a metric D : <B(H) x <B(H) — > R+ on 
«8(H) as follows: 

(2.10) D{T,T') -.^ \\T -T'W if r,T' e <B(H). 

Proposition 2.11. Let H be a quaternionic Hilbert space. Equip *B(H) with the 
metric D. The following assertions hold: 

(a) S(H) is a complete metric space. In particular, it is a Baire space. 
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(b) As maps *8(H) x *B(H) i— > *B(H), the sum and the composition of operators 
are continuous. The same is true for the real scalar multiplication. 

(c) The subset o/*B(H) consisting of elements admitting two-sided inverse in 
«8(H) is open in «B(H). 

(d) The uniform boundedness principle holds: Given any subset F o/*8(H), if 
swprp^p \Tu\ < +00 for every u S H, then sup^-g^ Hr|| < +00. 

(e) The open map theorem holds: If T & ^(H) is surjective, then T is open. 
In particular, if T is bijective, then T^^ G 58(H). 

(f) The closed graph theorem holds: //T : H — > H is closed, then T E S(H). 

Proof. The proofs of (a), (b) are elementary. Point (c) is proved as in 29, Theorem 
10.12]. Points (d), (e) and (f) follow from the Baire theorem exactly as in complex 
Banach space theory: Lemma 2.2.3, Theorem 2.2.4 and Corollary 2.2.5 of [26^ prove 
(e); Theorem 2.2.9 of [26] leads to (d) and Theorem 2.2.7 proves (f). □ 

The notion of adjoint operator is the same as for complex Hilbert spaces. 

Definition 2.12. Let H be a quaternionic Hilbert space and let T : D{T) — > H be 
an operator with dense domain. The adjoint T* : D(T*) — > H of T is the unique 
operator with the following properties (the definition being well posed since D{T) 
is dense): 

D{T*) := {m e H I 3wu G H with {wu\v) = {u\Tv) Vw G D{T)}. 

and 

(2.11) {T*u\v) ^ {u\Tv) E D{T),yue D{T*). 

It is worth noting that an immediate consequence of such a definition is that 
the operator T* is always closed. Moreover, if T g S(H), then requirement ()2.1ip 
alone automatically determines T* as an element of 23(H) in view of quaternionic 
representation Riesz' theorem (see Theorem 12.81 above). 

As usual, an operator T : D{T) — > H with dense domain is said to be: 

• symmetric if T C T*, 

• anti symmetric if T C —T*, 

• self-adjoint ii T = T*, 

• essentially self-adjoint if it is closable and T is self-adjoint, 

• anti self-adjoint if T — — T*, 

• positive, and we write T > 0, if {u\Tu) G for every u G D{T), 

• normal if T G Q3(H) and TT* = T*T, 

• unitary if D{T) = H and TT* = T*T = I. 

Remark 2.13. (1) By definition, if [/ is a unitary operator of H, then {Uu\Uv) = 
{u\v) for every G H and U is isometric; that is, \\Uu\\ = ||u|| for every u G H. 
In particular, U belongs to S(H). As for complex Hilbert spaces, an operator 
U : H — > H is unitary if and only if it is isometric and surjective. 

(2) If iV, iV' C H are Hilbert bases, then there exists a unitary operator U G *B(H) 
such that U{N) = N' . Moreover, if F G S(H) is unitary, then {Vz G H | z G A^} is 
a Hilbert basis of H. 

Now we state quaternionic versions of three well-known results for complex 
Hilbert spaces. The former is an immediate consequence of Theorem 12.71 and of 
identity (f2lT|) . 
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Proposition 2.14. Let H be a quaternionic Hilbert space and let T : D{T) — > H 
he an operator with domain dense in H. We have: 

Ran{T)^ = Ker{T*) and Ker{T) C Ran{T*)^. 

Furthermore, if D{T*) is dense in H and T is closed, then we can replace "C" 
with "=". In particular, this is true when T € S(H). 

Theorem 2.15. Let H be a quaternionic Hilbert space and let T : D(T) — > H be 
an operator with dense domain. The following facts hold. 

(a) T* is closed and, if U <E *B(H H) is the unitary operator sending {x,y) 
into {—y,x), then the following orthogonal decomposition holds: 

(2.12) H®H^g(T)®Uig{T*)), 

where the bar denotes the closure in H H. 

(b) T is closable if and only if D{T*) is dense in H and T = (T*)*. 

(c) IfT is closed, injective and has image dense in H, then the same is true for 
T* and for T^^ : Ran{T) — > D{T). Moreover, under these hypotheses, it 
holds: (T*)-i = (T-i)*. 

(d) IfT is closed, then D[T*T) is dense in H and T*T is self-adjoint. 

(e) (Helling- Toeplitz Theorem) // T is self-adjoint or anti self-adjoint and 
D{T) = H, then T e »(H). 

Proof. The proof are the same as for complex Hilbert spaces, since they do not 
depend on the fact that the Hilbert space is defined over C or H. Points (a) and 
(b) can be proved exactly as Theorem 5.1.5 in [35]. One can prove (c) exactly as 
Proposition 5.1.7 in [26] and (d) as point (i) in Theorem 5.1.9 in [26]. Point (e) 
follows from (a) taking into account the closed graph theorem. □ 

Remark 2.16. Exactly as in the case of complex Hilbert space (see e.g. [24 ] 129 ) ). 
one can prove that, if S : D{S) — > H and T : D{T) — >■ H are operators with D(T) 
and D{S) dense in H, then it hold: 

(i) S* CT* HT C S. 

(ii) If T e «B(H), then T* e »(H), ||r*|| = ||r|| and ||r*r|| = ||r||2. 

(iii) T C (T*)* if D{T*) is dense in H, and T = (T*)* if T e «8(H). 

(iv) T* + S* ciT + S)* if D{T + S) is dense in H, and (T + S)* = T* + S* if 
Te <B(H). 

(v) S*T* C [TSy if D{TS) is dense in H, and (TS)* = S*T* if T e «B(H). 

(vi) If T is self-adjoint, S is symmetric and T (Z S, then S = T. 

(vii) T is essentially self-adjoint if and only if D{T*) is dense in H and T* is 
self-adjoint. In that case, T* = T and T is the only self-adjoint extension 
of T. 

(viii) Let T e <B(H). If T is bijective and T^^ e »(H), then T*(T-^)* ^ I = 
(r^i)*r*. In this way, T is bijective and T^^ £ 'B(H) if and only if T* 
is bijective and (T*)~^ £ ®(H). Moreover, in that situation, it holds: 
^2^*^ — 1 (T~^y 

(ix) (Tr)* = T*r if r G M. 

The following last proposition deserves an explicit proof as it is different from 
that in complex Hilbert spaces. 

Proposition 2.17. Let H be a quaternionic Hilbert space and let T : D(T) — > H 
be an operator with dense domain. The following assertions hold. 
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(a) IfT is closed (for example, ifT(E Q3(H)j and there exists a dense subspace 
L of D{T) such that {u\Tu) — for every u Cz L, then T = 0. 

(b) // {u\Tu) € M for every u € D(T) (for example, if T > 0), then T is 
symmetric and hence it is self-adjoint in the case in which D(T) = H. 

Proof, (a) Since D{T) is dense in H, L is dense in H as well. Fix u,v G L. For every 
q Cz M, u + vq belongs to L and hence = (m + vq\T{u + vq)) — {u\Tv)q + q{v\Tu). 
In particular, taking q = 1, we get: {u\Tv) + {v\Tu) = 0, from which we deduce 
that 

{u\Tv)q — q{u\Tv) = for every (/ G H. 

Defining a := {u\Tv) = ao+jai for some oq, ai G M and j e §, we get: — aj+ja = 
{aQ+jai)j+j{aQ+jai) = —2ai+2jao. Therefore we have that oq = ai = and hence 
{u\Tv) — 0. Choosing a sequence L D {m„}„gn — >■ Tv, we infer that HTwp = 
(and hence Tv = 0) for every v E L. Finally, if x € D(T) and L D {xn}neN ~> x, 
then we have that Txn — for every n G N, so {(a;„, Txn)}neN ~^ i^i 0)- Since T 
is closed, it follows that Tx = 0. 

(b) Let us follow the strategy used in the proof of point (a). First, observe that 
{x\Tx) = {x\Tx) = {Tx\x) for every x S D{T). Fix u,v e D{T). For every q e H, 
we have: 

={u + vq\T(u + vq)) — (T{u + vq)\u + vq) — 
= {{u\Tv) - {Tu\v))q + q{{v\Tu) - {Tv\u)). 

Define b := {u\Tv) — {Tu\v). Choosing q = 1, we obtain that bq — qb = for 
every g g H. Proceeding as above, we infer that & = or, equivalently, that 
{u\Tv) — {Tu\v) for every u,v G D[T). This proves the symmetry of T. □ 

2.4. Square root and polar decomposition of operators. The theorem of 
existence of the square root of positive bounded operators works exactly as in 
the case of complex Hilbert spaces. The reason is that the proof exploits the 
convergence of sequences of real polynomials of operators in the strong operator 
topology (cf. [H] and [Ml Propositions 3.2.11 and 3.2.12, Theorem 3.2.17]). 

Theorem 2.18. Let V\ be a quaternionic Hilbert space and let T E *B(H). IfT > 0, 

then there exists a unique operator in 35(H), indicated by VT, such that \/T > 
and VT^/T — T. Furthermore, it turns out that \fT commutes with every operator 
which commutes with T. 

Even for quaternionic Hilbert spaces, one has the polar decomposition theorem. 
Before presenting our quaternionic version of such a theorem, we need some prepa- 
rations. 

Proposition 2.19. Let H be a quaternionic Hilbert space and let T G S(H) be a 
normal operator. Then we have that \\Tu\\ — for every m e H and it holds: 

Ker{T) = Ker{T*) and Ran{T) = Ran{T*). 

In particular, H orthogonally decomposes as: 

(2.13) H ^ Ker(T) ® Ran{T). 

Proof. Given any u S H, we have: 

\\Tu\\^ = {Tu\Tu) = {u\T*Tu) = {u\TT*u) = {T*u\T*u) = \\T*u\\\ 
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This implies immediately that Ker{T) — Ker{T*). By combining the latter equality 
with Proposition l2.141 we obtain immediately the equality Ran{T) = Ran{T*) and 
the orthogonal decomposition \2.1?>\ . □ 

Let T e 'B(H). The reader observes that T*T > 0. Indeed, it holds: 

{u\T*Tu) = {Tu\Tu) = ||Tu|p > if u € H. 

As usual, we define |T| e 25(H) by setting 

|T| := Vt*T. 

By point (b) of Proposition [TTTI the operator |r| is self-adjoint. Moreover, it has 
the same kernel of T: 

(2.14) \\\T\iu)\f = (|T|(«)||T|(^.)) = {u\\Tf{u)) = {u\T*Tu) = \\Tu\f 
for every u G H . In this way, if T is normal, one also has that 

(2.15) Ker{T) ^ Ker{T*) = Ker{\T\) and Ran{T) = Ran{T*) = Ran{\T\). 

We are in position to state and prove our quaternionic version of the polar 
decomposition theorem. To the best of our knowledge, such a theorem has been 
mentioned and used several times in the mathematical physics literature, without 
an explicit proof. 

Theorem 2.20. Let V\ he a quaternionic Hilhert space and let T € 23(H) he an 

operator. Then there exist, and are unique, two operators W and P in 25(H) such 
that: 

(i) T = WP. 

(ii) P>0, 

(iii) Ker{P) C Ker{W), 

(iv) W is isometric on Ker{P)^; that is, \\Wu\\ = \\u\\ for every u G Ker{P)^ . 

Furthermore, W and P have the following additional properties: 

{^)P=\T\. 

(5) If T is normal, then W defines a unitary operator in %{Ran{T)). 

(c) // T is normal, then W commutes with \T\ and with all the operators in 
25(H) commuting with both T and T* . 

(d) W is self-adjoint ifT is. 

(e) W is anti self-adjoint if T is. 

Proof. Firstly, we show that, if there exists a decomposition (i) of T with properties 
(ii), (iii) and (iv), then it is unique. Thanks to (ii) and Proposition 12. 17K b). P is 
self-adjoint and hence Ker{P)^ = Ran{P) and T*T = PW*WP. By using (iv) 
and the polarization identity (see ()2.4|) ). we know that {W Pu\W Pv) = {Pu\Pv) or, 
equivalently, = {u\{PW*W P - P'^)v) = {u\{T*T ~ P'^)v) for every u,v€H. This 
is equivalent to say that T*T = P^ . Theorem 12.181 ensures that P coincides with 
|r| and hence (a) holds. In particular, P is unique. Let us show the uniqueness 
of W. Since H = Ker{P) © Ker{P)^ = Ker{P) ® Ran{P) and W vanishes on 
Ker{P), to determine it, it is enough fixing it on Ker{P)^ — Ran{P). Actually, 
this is done by the requirement T — WP itself, that fixes W on Ran{P) and thus 
on the whole Ran{P), because W is continuous. 

Let us prove the existence of a polar decomposition. Let P :— \T\. Define W as 
follows. If u e Ker{P), then Wv := 0. U v € Ran{P), then Wv := Tu, where u 
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is any element of H such that v ~ Pu. Smce Ker{P) — Ker{T) (see (|2.14p ). the 
latter definition is well posed. Using ()2.14|) again, we infer that W is isometric on 
Ran{P): \\Wv\\ = \\Tu\\ = \\\T\u\\ = \\v\\ for every v G Ran{P). By continuity, W 
can be uniquely defined on the whole Ran{P) = Ker{P)^ . Evidently, W and P 
satisfy properties (i)-(iv). 

In the remainder of the proof, we suppose that T is normal. 

Let us prove (b). The normality of T ensures that Ran{T) = Ran{P) (see 
(I^JSl) ). Since T = WP, it is evident that W{Ran{P)) = Ran(T). By continuity, 
we have that W{Ran{T)) = W{Ran{P)) C Ran{T). In this way, we have that 
RaniT) C W{Ran{T)) C Ran{T). On the other hand, by (iv), W is isometric 
on Ker{P)^ = Ran{T) and hence W{Ran{T)) is closed in H. It follows that 
W{Ran{T)) = Ran{T). The restriction of W from Ran{T) into itself turns out to 
be a surjective isometric operator or, equivalently, a unitary operator. 

By (iv) and (a), we have that W*W ^lon Ker{\T\)^ = Ran{\T\). In this way, 
using the equalities T = W\T\ and T*T = TT* , we infer that \T\^ = M^|Tpl^*. 
Applying W* on the left, it arises: W*\T\'^ = \T\'^W* and, taking the adjoint, 
|TpVF = M^|rp. Since |T| = i/lTp commutes with all of the operators commuting 
with |r|2, we get that {\T\W -W\T\)\T\ = and hence \T\W = W\T\ on Ran{\T\). 
Since W vanishes on Ker{\T\), it follows that |r|M^ = M^|T| on the whole H. 

Suppose now that A e *B(H) commute with T and T*. Since A commutes with 
T, it follows that A preserves the decomposition H — Ker{T) © Ran{T). As we 
know, the operator |T| commutes with all operators commuting with T and T* . In 
particular, it commutes with A. In this way, the equality AVF|T| = M^|T|A (recall 
that T = W\T\) is equivalent to the following one: {AW - WA)\T\ = 0. It follows 
that A commutes with W on Ran{T). Since W vanishes on Ker{T), A trivially 
commutes with W on Ker(T). This proves that A commutes with W and hence (c). 

Let us prove (d). Since |T| is self-adjoint and commutes with W, \T\ commutes 
also with W* . In this way, assuming T self-adjoint, we have that = T — T* = 
{W - W*)\T\ and hence W = W* on Ker{T)^ = Ran{T). Since W preserves the 
decomposition H = Ker{T)® Ran{T) and vanishes on Ker{T), one easily gets that 
W* vanishes on Ker{T) as weU. We infer that W* = W, as desired. 

It remains to show (d). Exactly as we have done to prove (c), if T is anti self- 
adjoint, one proves that = T + T* = {W + W*)\T\. Thus W = -W* on Ker{T)^. 
Since W = = -W* on Ker{T), we have that W* = -W. □ 

Remark 2.21. What is important to stress here is that, for a normal operator T, 
the three operators appearing in the decomposition T = VF|T| separately respect 
decomposition (|2.13l) . In other words, T, W and P separately map Ker{T) and 
Ran{T) into themselves. This circumstance will turn out useful in several proofs 
along all this work. 

Remark 2.22. The reader observes that, it being H = Ker{P)(BKer{P)-^, preceding 
condition (iii) can be replaced by the following one: (iii') Ker{P) = Ker{W). 

3. Left multiplications, imaginary units and complex subspaces 

In this part, we introduce a notion that is proper of quaternionic modules, since 
it arises from the non-commutativity of the algebra of quaternions. It is the notion 
of left scalar multiplication, which makes both H and 25(H) quaternionic two-side 
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Banach modules. As a byproduct, the notion of (operatorial) imaginary unit is 
also presented. This notion plays a crucial role in spectral theory over quaternionic 
Hilbert spaces, giving rise to a nice relationship with the theory in complex Hilbert 
spaces. This fact will be evident shortly, especially in view of Proposition 13. Ill 

3.1. Left scalar multiplications. Let us show that it is possible to equip H with 
a left multiplication with quaternions. It will be a highly non-canonical operation 
relying upon a choice of a preferred Hilbert basis. So, pick out a Hilbert basis 
of H and define the left scalar multiplication of H induced by N as the map 
M X H 3 {q, u) 1-^ qu £ H given by 

(3.1) qu zq{z\u) if u € H and g G H. 

zeN 

Proposition 3.1. The left product defined in iS.l]) satisfies the following properties. 

(a) q{u + v) ~ qu + qv and q{up) = {qu)p for every w g H and q,p € H. 

(b) \\qu\\ — \q\ \\u\\ for every u G H and (7 G H. 

(c) q(q'u) = {qq')u for every it G H and q,q' G H. 

(d) {qu\v) = {u\qv) for every u, w G H and (7 G M. 

(e) ru ~ ur for every w G H and r G M. 

(f) qz = zq for every z d N and g G H. 

Consequently, for every g G H, the map Lq : H — > H, sending u into qu, is an 
element o/*8(H). Moreover, the map Cn '■ H — > ®(H), defined by setting 

CN{q) := Lq, 

is a norm-preserving real algebra homomorphism, with the additional properties: 

(3.2) LrU ^ ur i/ r G M and w G H 
and 

(3.3) {LqT^Lq ifqem. 

Finally, if N' is another Hilbert basis o/H andU G S(H) is any unitary operator 
such that U{N) — N' , then it holds: 

if) CN'{q) = UCN{q)U-^ for every q G H. 

(g) Cjq — Cn' if and only if {z\z') G M for every z €z N and z' G iV'. 



Proof. All statements straightforwardly follows from Proposition [23] However, the 
proof of (g) deserves some comments. Bearing in mind that z — X^z's-ZV' -^'(^'k)' 
the equality Cn — Cn' holds if and only if 

X! z'{z\z)q = zq = CN{q){z) ^ CN'{q)(z) ^ ^ z'g(z'|z) 
z'eN' z'eN' 

for every z £ N and g G H. This is equivalent to say that, fixed any z G N and 
z' G A', {z'\z)q = q{z'\z) for every g G H, which in turn is equivalent to require 
that {z'\z) G M. □ 

Remark 3.2. (1) All possible different notions of left scalar multiplication have to 
coincide when multiplying with real quaternions in view of point (e) of Proposition 
13. li because ur does not depend on the choice of A^. 

(2) Thanks to Proposition l3.H given a left scalar multiplication H x H 9 (g, m) 1— > 
Lq{u) = gu G H, we know that the map ElSgi— >LgGS(H) is a norm-preserving 
real algebra homomorphism satisfying p.2[) and p.3|) . Conversely, it can be shown 
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that every norm-preserving real algebra homomorpliism from H to *B(H) satisfying 
p.2p and p.Sp is a left scalar multiplication induced by some Hilbert basis of H 
(see [IH] for the proof). 

In what follows, by the symbol W 9 g i— > Lq, we mean the left scalar multiplication 
LqU := X^zs-ZV •^'7(^1^) of H induced by some fixed Hilbert basis N of H itself. 

3.2. Quaternionic two-sided Banach C*-algebra structure on S(H). In 

order to avoid any possible misunderstanding, we specify the meaning we give to 
the notion of quaternionic two-sided Banach C*-algebra with unity. Such a notion 
coincides with the one used in [8] (see also [5]). 

We call quaternionic two-sided vector space a non-empty subset V equipped 
with a sum V x V 3 {u, v) t-^ u + v €z V , with a left scalar multiplication M x V 3 
(q, u) t-^ qu € V and with a right scalar multiplication V x M 3 {u,q) 1-^ uq such 
that V is an abelian group with respect to the sum and it holds: 

(vl) q{u + v) = qu + qv and (u + v)q = uq + vq, 
{v2) {q + p)u = qu + pu and u{q + p) = uq + up, 
{v3) q{pu) = {qp)u and {up)q — u{pq), 
(vA) {qu)p = qiup), 
{v^) u ^ lu = ul, 
(vQ) ru = ur 

for every u,v ^ V , q,p and r e M. Such a quaternionic two-sided vector space 
V is said to be a quaternionic two-sided algebra if, in addition, it is equipped with 
a product V x V 3 {u,v) ^-^ uv ^ V such that 

(al) u{vw) = {uv)w, 

(a2) u{v + w) = + uw and {u + v)w = uw + vw, 
(a3) q{uv) ~ {qu)v and {uv)q — u{vq) 

for every u,v,w € V and q €M. Moreover, we say that V is with unity, or unital, 
if there exists an element 1 oiV , the unity of V , such that 

(a4) u — \u = ui 

for every u V . Suppose that y is a quaternionic two-sided algebra with unity. If 
uv = vu for every u,v G V, then V is called commutative. A map * : V — > V is 
called * -involution if it holds: 

(*1) {u*)*^u, 

(*2) {u + v)* = u* + V* , {qu)*=u*q and {uq)* = qu* , 
(*3) {uv)* = v*u* 

for every u,v ^ V and q G H. Equipping V with a *-involution, we obtain a 
quaternionic two-sided * -algebra with unity. It is easy to verify that 1* = 1 and, 
if u is invertible in V, then {u~^)* = {u*)~^ . Finally, the quaternionic two-sided 
*-algebra V with unity is called a quaternionic two-sided Banach C* -algebra with 
unity if, in addition, V is equipped with a function || • || : y — 5- such that 

(nl) = if and only if u = 0, 

(n2) \\u + v\\ < \\u\\ + \\v\\, 

(n3) \\qu\\ = \q\ \\u\\ = \\uq\\, 

(n4) \\uv\\ < \\u\\ \\v\\, 

(n5) ||i|| 1, 
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for every u,v (E V and g G H, and the metric space obtained equipping V with 
the distance V x V 3 (u, v) i— > ||u — t;|| G M+ is complete. We say that || • || is a 
quaternionic Banach C* -norm on V. 

Suppose that is a quaternionic two-sided Banach C*"algebras with unity i. As 
usual, a subset V' of is a quaternionic two-sided Banach unital C* -subalgebra 
of F if 1 G y and the restrictions to V' of the operations of V define on V' a 
structure of quaternionic two-sided Banach C*-algebras with unity i. 

A map (p '■ V — > W between quaternionic two-sided Banach C*-algebras with 
unity is called * -homomorphism if it holds: 

(hi) (p{u + v) — <p{u) + ip{v), ipiqu) — q(l)(u) and 4>(uq) — (f>{u)q, 

(ftS) ^(i) = 1 
for every u,v V and g G H. 

Remark 3.3. Considering R (resp. Cj for some fixed j G S) instead of H as set of 
scalars, one defines a real (resp. C^) two-sided Banach unital C*-algebra. Thanks 
to (w6), the notion of real two-sided Banach unital C*-algebra is equivalent to 
the usual one of real Banach unital C*~algebra. Similarly, complex Banach unital 
C*-algebras correspond to two-sided Cj-Banach unital C*-algebras V having the 
following property in place of (wG): 

{v6') cu = uc for every u € V and c G Cj. 

The notion of real Banach unital C*-subalgebra of a real Banach unital C*- 
algebra can be defined in the usual way. Since a quaternionic two-sided Banach 
unital C*-algebra V is also a real (two-sided) Banach unital C*-algebra, we can 
speak about real Banach unital C*-subalgebras of V. Evidently, if (w6') holds, then 
one can speak about Cj-Banach unital C*-subalgebras of V as well. 

Consider a quaternionic Hilbert space H and fix a left scalar multiplication H 3 
q I— > ig of H. Given a (right H-linear) operator T : D{T) — > H and q G H, we 
define the map qT : D{T) — > H by setting 

(3.4) {qT)u := q{Tu). 

It is immediate to verify that qT is again a (right H-linear) operator. Similarly, if 
Lq{D{T)) C D{T), one can define the (right H-linear) operator Tq : D{T) — >H 
as follows: 

(3.5) {Tq){u):^T{qu). 

Observe that, if q G M, then the inclusion Lq{D{T)) C D{T) is always verified. 

The given notions of left and right scalar multiplications qT and Tq between 
quaternions and operators are nothing but usual compositions LqT and TLq, re- 
spectively. In general, qT is different from Tq. However, if r G M, the operators rT 
and Tr defined here are equal and coincide with the operator Tr defined in (j2.8p . 

By a direct inspection, one can easily prove that, if D{T) is dense in H, then 
(qT)* = T*q and (Tq)* = qT* if Lq{D(T)) C D{T). 

Suppose now that T G 55(H). By Proposition l3. If b) . it follows immediately that 

(3.6) ||gT|| = M||T||. 
Moreover, it holds also: 

(3.7) |lTg|| = M||T||. 
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Indeed, if g = 0, (|3.7p is evident. If g 7^ 0, then we have: 

„ „ \\T(qu)\\ \\T(v)\\ 1 ||T(w)|| 

Tq = sup " = sup = — ^ sup = g T . 

u^o \m\ v^o \\q ^v\\ \q i| l|w|| 

Equalities dSH) and dS^]) imply that, if T e »(H), then gT and Tq belong to <B(H). 
It is now easy to establish the next result. 

Theorem 3.4. Let H be a quaternionic Hilbert space equipped with a left scalar 
multiplication. Then the set 25(H), equipped with the pointwise sum, with the left 
and right scalar multiplications defined in and 13.5]) . with the composition as 

product, with the adjunction T 1-^ T* as * -involution and with the norm defined in 
i2.6\) . is a quaternionic two-sided Banach C* -algebra with unity I. 



Remark 3.5. Independently from the choice of a left scalar multiplication of H, 
5B(H) is always a real Banach C* -algebra with unity I. It suffices to consider the 
right scalar multiplication (|2.8p . the adjunction T i-> T* as *~involution and the 
norm defined in (12.61). 



3.3. Imaginary units and complex subspaces. Consider a quaternionic Hilbert 
space H equipped with a left scalar multiplication M 3 q t-^ Lq. For short, we write 
LqU = qu. For every imaginary unit z G §, the operator J := is anti self-adjoint 
and unitary; that is, it holds: 

J*^~J and J*J = I. 

The proof straightforwardly arises from Proposition l3.1l We intend to establish the 
converse statement: if an operator J S S(H) is anti-self adjoint and unitary, then 
J = L[ for some left scalar multiplication H 9 g 1— ^ of H . 

To prove the statement, we need a preliminary definition known from the litera- 
ture |12| . which will turn out to be useful several times in this work later. 

Definition 3.6. Let J G *B(H) be an anti self-adjoint and unitary operator and 
let I G S. Recall that Cj denotes the real subalgebra of H generated by i; that is, 
Cj := {a + iP G H|a,/3 G M}. Define the complex subspaces H'^ and H;{* of H 
associated with J and i by setting 

H^* := {u G H I Ju = ±ui}. 

Remark 3.7. H;^* are closed subsets of H, because u i-> Ju and u (-> ztm are 
continuous. However, they are not (right H-linear) subspaces of H. The names of 
H"^ and are justified by point (e) of Proposition 13.81 below. 

The aim of this section is to prove the following result. 

Proposition 3.8. Let H be a quaternionic Hilbert space, let J G S(H) be an anti 
self-adjoint and unitary operator, and let « G S. Then the following facts hold. 

(a) There exists a left scalar multiplication H 9 g h- !■ of H such that J — L^. 

(b) If M 3 q i-^ Lq and M 3 q 1-^ L'q are left scalar multiplications of H such 
that = L[, then Lq = L'q for every g G Cj. 

(c) Let M 3 q f-^ Lq and M 3 q ^-^ L'q be left scalar multiplications of H 
induced by Hilbert bases N and N' , respectively. Then L^ = L[ if and only 
if {z\z') G Cj for every z £ N and z' € N' . 

(d) H^' ^ {0} and H;^' ^ {0}. 
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(e) Identify Cj with C in the natural way. Then H'^^ is a complex Hilbert 
space with respect to the structure induced by H; its sum, is the sum of 
H, its complex scalar multiplication is the right scalar multiplication of H 
restricted to and its Ci-valued Hermitean scalar product coincides with 
the restriction of the one of H. For short, we say that H'^ is a Q-Hilbert 
space. An analogous statem,ent holds for V\'^J . 

(f) If N is a Hilbert basis of the Ct-Hilbert space H":^, then N is also a Hilbert 
basis of H and it holds: 

An analogous statement holds for H:^*. 

In order to prove the proposition, we need two lemmata. The first deals with 

points (d) and (c). 

Lemma 3.9. Let H be a quaternionic Hilbert space, let J G 58(H) be an anti self- 
adjoint and unitary operator and let t G S. Then H"^ ^ {0}, the restriction of 
the Hermitean scalar product (• | •) to H'^ is C,, valued and H"^ turns out to be a 
Ci-Hilbert space with respect to the structure induced by H. 
An analogous statement holds for H:{*. 

Proof. We prove the thesis for H:|*, the other case being essentially identical. Firstly, 
we show that there exists u ^ such that u — Jui ^ 0. Choose a non mill clement 
u of H. If u — Jul ^ 0, we are done. Suppose u = Jui. Let j € S such that 
ij = —Jl. We have that uj = Juij = —Juji. Since w 0, we infer that uj ^ Juji. 
Replacing u with uj if necessary, we may suppose that u — Jui ^ 0, as desired. 
Then J{u — Jui) = Ju + ui = {u — Jui)i; that is, Ju' = u'l for u' := u— Jui ^ 0. 
Therefore H:[* ^ {0}. Next we notice that, \iv,w & H:[* and r, r' e M, one has: 

{v\w){r + r'l) = {v\w{r + r'l)) = {v\wr + wr'i) = 

= {v\w)r + {v\Jw)r' = r{v\w) + r'{—Jv\w) 

= r{v\w) — r'{vi\w) = {v{r — r'i)\w) = (r + r'i){v\w) . 

Therefore, {u\v) commutes with every element of Cj. This implies that {u\v) G Cj 
and that (-I-) reduces to a standard Hermitean scalar product on H:[*, viewed as 
a complex pre-Hilbert space. Finally, H:[.* is complete, since H is such and H:[* is 
closed. □ 

Lemma 3.10. As a Ci-Hilhert space, H admits the following direct sum decompo- 
sition: 

H = H:['® H-!\ 

Moreover, if N is a Hilbert basis of the Cj Hilbert space H:|*, then it holds: 

(a) If J ^ S is an imaginary unit with ij = —ji (i.e. orthogonal to i), Nj := 
{zj \ z e N} is a Hilbert basis of the Ci-Hilbert space H;^'. 

(b) N is a Hilbert basis of H . 

Proof. The first statement holds because H"^ D = {0} and, defining x± := 
=F Jxi) for a: e H, one has x = x+ + X- and x± G H^* as it follows by a direct 
inspection. 
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Let US prove (a). As it is easy to verify, the map H:^'' 3 y t-^ yj G H:{* is 
a well-defined isometric d-anti-linear isomorphism and hence the set Nj is or- 
thonormal, because A'' is such. Choose u G H^^. Since uj G H'i^, we have that 
uj — J2zeN ^i^l^j)- From this equality, it follows that 

u^Y^ z{z\u) = ^ zj{zj\u). 

zeN zeN 

This proves that Nj is a Hilbert basis of H:^'. 
It remains to show (b). By point (a), one has: 

x=Y^ z{z\x+) + z]{z]\x^) = Y z{z\x+ + x^) . 
zeN zeN zeN 

So < iV > is dense in H and {z\z') — 5zz' for every z,z' G N. Thus iV is a Hilbert 
basis of H. □ 

Proof of Proposition \3.8l Points (d) and (e) were proved in Lemma 13.91 

Let us prove (f). Let iV be a Hilbert basis of H(\ By the definition of H(\ it 
holds that Jz = zi for each z E N. Thanks to point (b) of Lemma FS.lO) N is also 
a Hilbert basis of H. In this way, for every u e H, it holds: 

Ju = J z{z\u) = Jz{z\u) — zi{z\u). 
zeN zeN zeN 

Point (a) follows immediately. In fact, liM 3 q i-^ Lq is the left scalar multiplication 
induced by N, then J — L^. 

Let now M 3 q i-^ Lg and H 9 g H> be scalar left multiplications of H such 
that Li — L[. Since Li = I = L'^, for each a, /3 G R, it follows: 

La+i3i = Lia + Li(5 = L\oL + L\fi = L^+^j. 

This shows (b). Point (c) can be proved similarly to (g) in Proposition 13. II □ 

3.4. Extension of J to a full left scalar multiplication of H. Finally, we 
present a technical, but quite useful, proposition we shall employ later several 
times. This proposition generalizes, and formulates into a modern language, some 
results presented in Section 3 of jT2]. 

Proposition 3.11. For every Ci-linear operator T : D{T) — > H:|* with D{T) C 
y\'l^ , there exists a unique right M-linear operator T : D(T) — 5- H of T with 
D{f) C H such that J{D{f)) C D{f), D{f) n H-{' = D{T) and f{u) = T{u) for 
every u € D{T). The following additional facts hold. 

(a) IfT e ^i^i'), then f e «B(H) and \\f\\ = \\T\\. 

(b) Jf = fj. 

(c) Let V : D{V) — > \^ he a right W-linear operator with D{V) C H. Then V 
is equal to U for some C^-linear operator U : D{V) H H:[* — > V\i^ if and 
only if J{D{V)) C D{V) and JV = VJ. _ 

(d) If D{T) is dense in H"^ , then D{T) is dense in H and (T)* = T*. 

Furthermore, given a Ci-linear operator S : D{S) — > H'^ with D{S) C H:j^*, we 
have: 

(e) Sf = ST. 

(f) If S is a right [resp. left) inverse of T , then S is a right [resp. left) inverse 
off. 
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An analogous statement holds for H'^^ . 

Proof. Choose j G § in such a way that ij] is a basis of H and ij = —ji. 

We begin showing that, if T : D{T) — > H is a right H-linear extension of T with 
J{D(f)) C D{f) and D{f) = D{T), then f is uniquely determined by T. 

Denote by $ : H — > H the C^-anti-hnear isomorphism of H sending x in xj. It 
is immediate to verify that $(H^') = H^'. Since D{T) is a right H-linear subspace 
of H, we have that ^{D{T)) = D{T). Applying $ to both members of the equality 
D{f) n H:^' = D{T), we obtain D{f) n H:^' = ^{D{T)). Let x G D{f). Define 
a := \{x — Jxi) and h := ^{x + Jxi). It is easy to see that a € V\i^, b € H:^* and 
X = a + b. Since J{D{f)) c D{f), we infer that a e D{f) n H:[' = D{T) and 
6 e D{f) n H:^* = $(D(f )). This proves that, as a Q-linear subspace of H, D{f) 
coincides with D{T) ® $(I?(r)). Bearing in mind that bj = $(6) G H|*, we have 
that f{b) = -f{bjj) = -T{bj)j and hence f{x) = T{a) - T{bj)j. It follows that T 
is uniquely determined by T, as desired. 

Concerning the existence of the extension of T with the required properties, we 
are now forced to define D{f):= D{T) ® ^{D{T)) and f : D{f) — ^ H by setting 
f{x) := T(a) - T{bj)j, where x G D{f ), a G D{T), b G $(D(T)) and x = a + 6. 

We must verify that J{D{f)) C D{f), D{f) is a right H-linear subspace of H 
and T is right H-linear. Let x, a and b be as above. Observe that J{D{T)) C D{T). 
Indeed, Jx = Ja + Jb = at - bt belongs to D{f), because D{T) and ^{D{T)) are 
Cj-linear subspaces of H. Let g' e H. There exist, and are unique, 2:1,-22 € C, such 
that q = zi + Z2j- It holds: 

xq = {a + b){zi + Z2j) = {azi + bz^j) + {bzi + az2j). 

Since z\j = jzi and Z2J = JZ2, we get that az\ + bz2j G D{T) and 621 + 02:2^ € 
$(£'(T)) and then £'(T') is a right H-linear subspace of H. Moreover, we have: 

f{xq) = T{azi + bz2j) - T{{bzi + az2j)j)j = 
= T{a)zi + T{bz2j) - T{bzij - az2)j = 
= T{a)zi + T{bz2j) - T{bzij)j + T{a)z2j. 

On the other hand, we obtain the right H-linearity of T as follows: 

f{x)q^iT{a)-T{bj)j)iz, + Z2j) = 

= T{a)zi - T{bj)jzi + T{a)z23 - T{bj)jZ2j = 
= T{a)zi - T{bj)zi3 + T{a)z2j - T{bj)z2jj = 
= T{a)zi - T{bjzt)j + T{a)z23 + T{bjZ2) = 
= T{a)zi - T{bzij)j + T{a)z23 + T{bz2j) = f{xq). 
Let us prove the remaining points. 

(a) Suppose that T G «B(H:[*). Then D{f) = © $(H:[*) = H^' © Hi' = H. 
Let X, a and b be as above and let c G such that b = cj. Since jz = zj for every 
2 G Cj, we obtain: 

{a\b) + {b\a) = {a\cj) + (cj|a) = {a\c)j - j{c\a) = 

= {a\c)j - {c\a)j = {a\c)j - {a\c)j = 
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and hence = \\a + = ||a|p + ||6|p. By the same argument, we have that 
\\f{x)f = \\T{a)f + \\T{bj)jf. In particular, it holds: 

lir(.x)|p<||T|p(||af + ||6ip) = ||rf||a:|p. 

This shows that ||f || < On the other hand, we know that H{' 7^ {0} and 

hence f{y) = T{y) for some y & H^' \ {0}. It follows that ||f|| = ||T||. 

(b) Let X = a + b G H, where a £ H';^ and b G H;^'. Observe that Jx — ai — bi £ 
D{f) = D{T) © ^D{f)) if and only if ai G D{T) and bi e $(-D(T)); that is, 
X e D{f). These considerations imply that J{D{f)) = L»(f ). It follows that 
D{jf) = D{f) = Difj). Suppose now x = a + b<E D{f). It holds: 

TJx — T{ai — bi) = T{ai) + T{bij)j = T{a)i — T{bj)ij 

and 

Jfx = J{T{a) - T{bj)j) = T{a)i + T{bj)ji - T{a)t - T{bj)ij - fjx. 

(c) li V = U for some Cj-linear operator U : D{V) n H"^ — !• H"^, then we just 
know that J{D{V)) C D{V) and JV — VJ. Let us prove the converse implication. 
Given X G D{V)nH'l\ it holds: J{Vx) = V{Jx) = V{xi) = {Vx)t. In other words, 
we have that V{D(y) Ci H^') C H^'. Define the C,-linear operator U : D{V) n 

— > by setting Uu := Vu. Since JiD{V)) C D{V), D{U) = D{V) n 
and y is a right H-linear extension oi U , by the uniqueness of such an extension, 
we infer that V = U . 

(d) Since H = H:[' ® Hi' and D{f) ^ D{T) ^[D{T)), if ^(T) is dense in H^', 
then D(T) is automatically dense in H. Taking the adjoint in both members of the 
equality TJ = JT, using J* — ~J and bearing in mind point (v) of Remark l2.161 we 
infer that jf* = f* J, which includes J{D{f*)) C D{f*). Here f* denotes (f)*. 
Thanks to (c), there exists U : D{f*) n — ^ such that f * = U. It remains 
to prove that U ^ T* or, equivalently, that f*x = T*x for every x G 15(7'*) n H:[\ 
This is quite easy to see. Indeed, if a; G D{f*) n H;^', then f*x G H^', because T* 
commutes with J. Moreover, by definition of adjoint, it holds: {T*x\v) = {x\Tv) for 
every v G D{f). In particular, it follows that {T*x\v) — {x\Tv) for every v G D{T), 
which is equivalent to say that T*x = T* desired. 

(e) Let X G D{ST). As we have just proved, D{ST) = D{ST) ® ^{D{ST)) 
so there exist, and are unique, a G D{ST) and b G <I>(r'(S'T)) such that x — 
a + 6. It follows that {T{a),T{b])} C and hence f{x) = T{a) - T{bj)j G 
D{S)^<S) HD{S)) = D{S). In other words, x belongs to D{Sf). This implies that 
D{ST) C D{ST). Proceeding similarly, one can prove the converse inclusion. The 
equality D{Sf) = D{Sf), just proved, ejt^sures that J{D{Sf)) = J{D{Sf)) C 
D{ST) = D{Sf) and D{Sf) n H{' = D{ST) n H-[' = 15(5^). In this way, being 
STu = STu for every u G D{ST), thanks to the uniqueness of the extension, we 
infer that Sf = ST. 

(f) This point follows immediately from (e). □ 

4. Resolvent and spectrum 

It is not so obvious how to extend the definitions of spectrum and resolvent in 
quaternionic Hilbert spaces. Let us focus on the simpler situation, where we are 
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looking for eigenvalues of a bounded right H-linear operator T on a quaternionic 
Hilbert space H. Without fixing any left scalar multiplication of H, the equation 
determining the eigenvalues reads as follows: 

Tu = uq. 

Here a drawback arises: if g e H \ M is fixed, the map u is not right H-linear, 

differently from u i— )■ Tu. Consequently, the eigenspace of q cannot be a right H- 
linear subspace. Indeed, if A 7^ 0, u\ is an eigenvector of A^^gA instead of q itself. 
As a tentative way out, one could decide to deal with quaternionic Hilbert spaces 
equipped with a left scalar multiplication interpreting the eigenvalues equation in 
terms of such a left scalar multiplication: 

Tu = qu. 

Now both sides are right M-linear. However, this approach is not suitable for 
physical applications [I], where self-adjoint operators should have real spectrum. 
As an elementary example, consider the finite dimensional quaternionic Hilbert 
space constructed over H = H© H equipped with the standard scalar product: 

((r, s) I (m, v)) ■.— ru + 'sv if u, w, r, s G M. 

The right H-linear operator represented by the matrix 

[-1 oj ' 

where the multiplication is that on the left, is self-adjoint. However, for every 
quaternion of the form q = a + cj + dk with a,c,d € M and + + d'^ — 1, 
there is an element £ H \ {0} with Twq = qwq. Although T = T*, it admits 
non-real eigenvalues. Consequently, in the rest of the paper, we come back to the 
former approach keeping the constraint, found above, concerning the fact that each 
eigenvalue q brings a whole conjugation class of the quaternions, the eigensphere: 

{X-\Xem\XeM\{0}}. 

As a matter of fact, we adopt the viewpoint introduced in [8], that is invariant 
under conjugation in the sense just pointed out. 

4.1. Spherical resolvent and spectrum and their elementary properties. 

We are in a position to present one of the most important notion treated in this 
work, that of spectrum of a quaternionic operator. First of all, given a (right H- 
linear) operator T : D{T) — > H and (7 e H, we define the associated operator 
Aq(r) : D(T2) — ^ H by setting: 

A,(T) ■.^T^-T{q + q) + l\q\\ 

The fundamental suggestion by is to systematically replace T — Iq for Aq(r) 
in the definition of resolvent set, resolvent operator and spectrum. The following 
definitions are a re-adaptation of the corresponding ones stated in [8j. A more 
accurate comparison appears immediately after the definition. 

Definition 4.1. Let H be a quaternionic Hilbert space and let T : D{T) — > H be 
an operator. The spherical resolvent set ofT is the set ps{T) C H of the quaternions 
q such that the three following conditions hold true: 

(a) KeriAqiT)) = {0}. 

(b) Ran(Aq{T)) is dense in H. 
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(c) A,(r)-i : Ran{Ag{T)) — > D{T^) is bounded. 
The spherical spectrum crs{T) of T is defined by setting usiT) M \ ps{T). It 
decomposes into three disjoint subsets as fohows: 

(i) the spherical point spectrum of T: 

<jps{T) := {(? e M I Ker{Ag{T)) ^ {0}}; 

(ii) the spherical residual spectrum of T: 

<Jrs{T) := {g e H I Ker{Ag{T)) = {0}, Ran{Ag{T)) ^ H } ; 

(iii) the spherical continuous spectrum of T: 

acs{T) := {g e H I Ker{A,{T)) = {0}, Ran{Ag{T)) = H, A^iT)-^ ^ »(H) } . 

The spherical spectral radius of T is defined as the following element rs (T) of 
M+ U {+oo}: 

rs(T) :=sup{|g|eM+|(7ea5(T)}. 
If Tu — uq for some g G H and u G H \ {0}, then u is called eigenvector of T 
with eigenvalue q. 

Remark 4.2. (1) In [8 , a different, but equivalent, definition of spherical resolvent 
set ps{T) is adopted for T G S(H). Therein no decomposition onto the various 
parts of the spectrum has been introduced. In [5], the following definition (Def. 
4.8.1) is stated (straightforwardly adapting it to the quaternionic Hilbert space 
case, since [S] studies the case of a quaternionic two-sided Banach modules): 

(4.1) ps{T) = {g G H I Aq{T) : H — ^ H is bijective and A<,(r)-i G <B(H)}. 

Actually, that definition is completely equivalent to our Definition 14.11 so that (14. ip 
is an identity assuming our definition of ps{T). Indeed, if A^(T) is bijective and 
its inverse belongs to *B(H), then conditions (a), (b) and (c) are evidently verified. 
Conversely, suppose that conditions (a), (b) and (c) hold true. Firstly, observe that 
(c) implies that Ran{Aq{T)) is closed in H. Let Ran{Aq{T)) D {yn}neN — ?/ G H 
and, for each n G N, let x„ := Ag(r)^^j/„ G H = D{Aq{T)). The sequence {xn}n£N 
of H is a Cauchy sequence. Indeed, it holds: 

\\Xn - Xm\\ < ||Aq(r)"^|| ||j/„ - ?/™||. 

It follows that {xn}n&! " > X for some a; G H. Since Aq{T) is continuous, we infer 
that Aq{T)x = y and hence Ran{Aq{T)) is closed in H. Thanks to (a) and (b), 
Aq{T) turns out to be bijective with Aq{T)-'^ & ^(H). 

In the case of an unbounded operator defined on a subspace of H, we stick to 
Definition 14.11 since, on the one hand, the domains and boundedness of operators 
are irrelevant in that definition. On the other hand, our definition gives rise to 
statements that are straightforwardly extensions of the corresponding propositions 
in the theory in complex Hilbert spaces (see, in particular, (b) and (c) in Theo- 
rem |T8] below) . This is true in spite of the fact that definitions are substantially 
different, as they rely upon the second order polynomial Aq{T), rather than the 
first-order polynomial T — Iq. 

It is worth noticing that, referring to unbounded operators, [8| proposes a for- 
mally different definition (see Definition 4.15.2 in [8]), whose equivalence with ours, 
through a straightforward re-adaptation to the case of a quaternionic Hilbert space, 
would deserve investigation. It will be done elsewhere. 
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(2) For every q e H, define Eq[T) :— {u ^ H | Tu ~ uq}. It is worth stressing 
that Eq{T) is a right H-hnear subspace of H if and only if either g e M or q ^ M 
and Eq{T) = {0}. Indeed, if q € H \ R, it e £'g(T) \ {0} and p is a quaternion with 
qp 7^ pq, then up ^ Eq{T). 

(3) If p and q are conjugated quaternions, then Ap(T) ~ Aq{T). Indeed, p + p = 
q + q and \p\ — \q\ (see point (4) of Remark [^TT|) . We infer that ps{T) and crs(r) 
are circular. The same is true for Cps, ct^s and acs- 

Recall that a subset A of H is called circular if it is equal to flic for some subset 
JC of C. This is equivalent to say that A satisfies one of the following two equivalent 
conditions: 

• li a + t/3 E A ioT some a, /3 G K and i G §, then a + j(3 £ A ioi every j E S. 

• li q E A and p G H is conjugated to q, then p G A. Equivalently, if q G A, 
then C A. 

(4) The spherical spectrum, or at least its intersection with a complex plane Cj, 
has already appeared in the literature, in the most general setting of real * -algebras. 
In [53], it is referred to as Kaplansky's definition [32] of the spectrum. 

More generally, the spherical resolvent and the spherical spectrum can be defined 
for bounded right H-linear operators on quaternionic two-sided Banach modules 
in a form similar to that introduced above (see [5]). Several properties of resolvents 
and of spectra of bounded opertors on complex Banach or Hilbert spaces remain 
valid in that general context. Nevertheless, their proofs are by no means trivial 
(see [8] again). Here we recall some of these properties in the quaternionic Hilbert 
setting. 

Theorem 4.3. Let H be a quaternionic Hilbert space and let T G S(H) he an 
operator. The following assertions hold. 

(a) Let q G H with \q\ > ||r|| and, for each n G N, let a„ he the real number de- 
fined by setting a„ := |q|~^"~^ X)/!*=o ^''9" Then the series X^neN-^"*^" 
converges absolutely in S(H) (with respect to the operator norm \\ ■ \\) to 
Ag(r)^^. In particular, it holds: 

rs{T)<\\T\\. 

(b) cFsiT) is a non-empty compact subset o/H. 

(c) Let P G R-[X] and let P{T) he the corresponding operator in S(H) defined 
in i2.9\) . Then, if T is self-adjoint, the following spectral map property 
holds: 

as{P{T))^P{<Js{T)). 

(d) For every neN, we have that as{T") = {<ts{T))" -.^ {q'' e M\ q £ <ts{T)} . 

(e) Gelfand's spectral radius formula holds: 

(4.2) rs{T)= lim ||r"||i/". 

n— J--I-00 

In particular, if T is normal, then: 

(4.3) rs{T) = \\T\\. 

Proof. This result is a consequence of Theorems 4.7.4, 4.7.5, 4.8.11, 4.12.5, 4.12.6 
and 4.13.2 of [5]. Actually, these theorems of [5] deals with the more general case of 
quaternionic two-sided Banach modules. In this way, in order to be able to apply 
it in our context, it suffices to fix a left scalar multiplication H 9 q i-> of H and 
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to equip S(H) with its natural quaternionic two-sided Banach module structure 
described in Section For the convenience of the reader, we give a proof of the 
theorem. The following proof of point (e) is a detailed version of the corresponding 
one of [8 . With regards to (d), we simply give the exact reference in [8]. The proofs 
of the other points are different, and more direct. 

(a) Let g e HI with \q\ > \\T\\. By direct computations, it is immediate to verify 
that ao = -{q + q)ao + \q\'^ai = and a„_2 - [q + 9)a„-i + |gpa„ = 
for every n > 2. Moreover, we have that |a„| < {n + for every n G N 
and hence limsup„^+^ ||T"a„||i/" < ||r|| \q\~^ < 1. It follows that the series 
S := X^riGN^"'*" converges absolutely in S(H). Furthermore, it holds: 

A,{T)S =SAgiT) = I|g2|ao + r(-(q + q)ao + |<7pai)+ 
+ T"(a„_2 -{q + q)an-i + kpa„) = I. 

n>2 

This proves that S is the inverse of A,(T) in «B(H) and hence rs(r) < |lr|l. 

(b) Firstly, we show that crs{T) is compact. Bearing in mind the just proved 
inequality rs{T) < \\T\\, it suffices to see that (Js{T) is closed in H or, equivalently, 
that ps{T) is open in H. By point (c) of Proposition 12.111 the subset of 53(H) 
consisting of all isomorphisms is open. Since the map Q : H — >■ 25(H), sending q 
into Aq{T), is continuous, it follows that ps{T) = Q^^{J^) is open in H. 

Now fix a left scalar multiplication of H. Let {l,i,j,k} be the standard or- 
thonormal basis of H. Identify C with in the natural way. Define the map 
: C n psiT) — > Q3(H) by setting, for z = a + i/3 with a, /3 G R, 

V'(z) A,(T)-i(T - Iz) = A^+,p{T)-\T - I(a - i(3)). 

Choose z e Cr\ps{T) with \z\ > \\T\\ and define the sequence {a„}ngN C K as in 
the statement of point (b) with q = z. It is easy to verify that a„2 — a„_i = z~"~^ 
if n > 1 . In this way, we infer that 

V'(^) = (E„eN7^"«n)(r-Iz) = 

(4.4) =-Iz-i-E„>i?^"(an^-a„_i) 

where the series X^nsN^"-^ "^^ converges absolutely in *8(H). Let r > rs{T) and 
let Br be the open ball of C centered at with radius r. Since the map ip is real 
analytic with respect to a and /3, and holomorphic for \z\ > ||T||, it is holomorphic 
on an open neighborhood U oi C \ Br . This means that dtp /da and dip/ 0/3 exist, 
are continuous and satisfy: 

(4.5) ^ + ^^ = in 'B(H) if z e f/. 
aa op 

Let F : 58(H) — > H be a continuous right H-linear functional on ^8(H); that is, 
an element of Q3(H)', and let /o, /i, /2, /a : Cr)ps{T) — ^ M and m : CCipsiT) — > 
C be the functions of class such that 
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and hence ^ — fo + ifi and m — fs + if2. Thanks to (|4.5|) . we infer that 



da djS J da (3/3 

da dp J \da dp J \da dp J \da dp 

which is equivalent to say that £ and m are holomorphic. 

Let us complete the proof of (b) by showing that <Js{T) 7^ 0. By (|4.4p . we have 
that 

(4.6) + ^KFo ^)(z)| < K\\F\\ \z\-' if |z| > 1 + |lr||, 

where ||F|| is the operator norm of F and K := "Zneti ll^iril + ll^ll)"" ^ K+. 

Suppose that crs{T) = 0- Thanks to (|4.6I) . £ and m turn out to be bounded entire 
holomorphic functions with lim|2|_>^_oc = = lim|2|_j.+oo Liouville's 

theorem ensures that £ and m are null, and hence Fo^jj is null for every F S *B(i?)'. 
Lemma implies that ip{z) = for every z G C It follows that T — Vz for every 
z G C, which is impossible. 

(c) If P is constant, then (c) is trivial. Suppose that P has positive degree. 
Let us prove that P{as(T)) C asiP{T)). Let q S (ts(T). Since T is assumed 

to be self-adjoint, as we have just said. Theorem 14.81 below, which is completely 
independent from the proposition we are proving, implies that q £ R. It follows that 
P{q) e R and Ap(^)(P(T)) = {P{T) - lP{q))^. The polynomial P{X) ~ P{q) in 
R[X] vanishes a.t X = q and hence there exists 6 e M.[X] such that P{X) — P{q) ~ 
{X — q)6{X). In particular, we infer that 

(4.7) Ap(,)(P(T)) = {T~lqf{9{T)f ^ A.iTmT))' = {e{T)f\{T). 

It follows that P{q) £ (7s{P{T)); that is, Ap(,)(P(T)) is not invertible in <B(H). 
Otherwise, thanks to (j4.7p . Ag(T) would be invertible in ^8(H) as well, contradicting 
the fact that q e crs{T). 

It remains to show that crs(P(r)) C P(crs(r)). Let q G crs(P(T)). Since 
P has real coefficients, the operator P(T) is self-adjoint. Therefore, q £ M. and 
A,(P(r)) = (P(T) - Ig)2. Fix i e §. By the Fundamental Theorem of Algebra, 
there exist ao G R\{0}, ai, . . . , a/i e R and ah+i, . . . ,ak S Ci\R for some h,k G N 
with h < k such that 

h k 

P{X) - q = aolliX - ae) J] A„,(X). 
€=1 e=h+i 

In particular, it holds: 

h k 

A,{P{T))^{P{T)-lqr^all[A„,{T) {A^,{T)f . 

e=i e=h+i 

If Aa,{T) were invertible in <B(H) for every £ e {l,...,k}, then Ag{P{T)) would 
be invertible in 55(H) as well, contradicting the fact that q G 0-5 (P(T)). It follows 
that there exists i £ {1, . . . , fc} (or better £ G {!,..., h}) such that a£ £ o-s{T). 
Since P{ae) — q ^ 0, q = P{ae) belongs to P{as{T)), as desired. 

(d) This point is proved in Theorem 4.12.5 of [8]. 

(e) Let us follows the proof of Theorem 4.12.6 of [8]. By combining (d) with the 
last part of (a), we infer that rs(r") = rs(r)" < ||r"|| for every n £N and hence 
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rs{T) < liminf„^+oo ||T"||i/". In order to prove (|42l) . it suffices to show that 
(4.8) hmsup ||T"|ji/" < rs(T). 

n— ^+00 

Let us prove this inequahty. Consider again the maps tp : C 11 ps{T) — > *8(H), 
F e «B(H)' and : C n ps(r) — > C introduced in the proof of point (b). Let 
r > rs (T) , let Br be the open ball of C centered at with radius r and let Br be its 
closure in C. Since £ and m are holomorphic on an open neighborhood of C\ Br, 
it holds: 

1 
1 

27r JdB,. 

= P[-^1^ HOi^-^r'^^'d^^ ifzeC\Br, 

where the integral J^^ ~ z)^^i~^ d^, can be defined as an operator norm 

limit of Riemann sums. Lemma 12.41 implies the following Cauchy formula for ip: 



as,. 

{Foi,){^){^-z)-H-U^ = 



^z)^-^( - z)-H-^ d^ ifzeC\B^. 

IdBr- 



2-K 



Fix z e C\B^. Since {^-z)-^ = ^-^(1- = - E„eN T'^"""^ if C ^ dBr and 
the series — Sn£N^"^ " ^ converges absolutely for ^ G dBr, ip can be expanded 
into Laurent series on C \ i?r as follows: 



1- [ mCz—'^-' di^Y.{^ I ^iOC^-' dA z 



Hz) = E 2. 



Comparing the latter equality with (j4.4l) and bearing in mind the uniqueness of 
the Laurent series expansion, we infer at once that T" = ^ J^^ d^ for 

every n S N and the series X^nsN^"-^ converges absolutely for every z S C 
with \z\ > rs{T). In particular, lim„_j._|_oo kl""""'^ = and hence the sequence 
{||T"|| |z|-"}„eN C M is bounded. It follows that limsup„^+^ < \z\ for 

every z e C with \z\ > rs{T). This proves and hence ([32]). 
If T is normal, then it holds: 

l|j.2||2 ^ ||(t2^*j.2|| ^ ||(T*)2r2|| 1 1 (r*r) * (r*T) 1 1 = ||t*t|P = {\\Tff 

and hence 1 1 1 1 ~ \\T\\^. Proceeding by induction, one easily shows that HT'^'' jj-'^/^'^ = 
||T|| for every fc e N. Now (US]) follows from dO]). □ 



Corollary 4.4. Let H be a quaternionic Hilbert space, let T G 58(H) be a self- 
adjoint operator and let P G M.[X] such that CFsiT) is finite and P vanishes on 
<Js{T). Then P{T) is the null operator in ®(H). 

Proof. Since T is self-adjoint, it is immediate to verify that P{T) is self-adjoint as 
weU. By point (c) of Theorem |331 we infer that crs(P(T)) = {0} and hence (gS]) 
implies that P{T) = 0, as desired. □ 
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4.2. Some spectral properties of operators on quaternionic Hilbert spaces. 

Regardless different definitions with respect to the complex Hilbert space case, the 
notions of spherical spectrum and resolvent set enjoy some properties which are 
quite similar to those for complex Hilbert spaces. We go to illustrate them together 
with some other features that, conversely, are proper to the quaternionic Hilbert 
space case. 

First of all, quite remarkably, it turns out that (Jps{T) coincides with the set of 
eigenvalues of T. 

Proposition 4.5. Let V\ he a quaternionic Hilbert space and let T : D(T) — > H 
be an operator. Then aps{T) coincides with the set of all eigenvalues ofT. 

Proof. Let u be an eigenvector of T with eigenvalue (7 G H. By the definition of 
Aq{T), we have that 

Aq{T)u = T{Tu — uq) — {Tu — uq)q — 

and hence q G o'ps{T)^ because it 7^ 0. Conversely, if g € o'ps(T), then there is 
V e D{T^) such that 

= Aq{T)v — T{Tv — vq) — {Tv — vq)q. 

If v' := Tv — vq — 0, then q is an eigenvalue of T. Otherwise v' is an eigenvector of 
T with eigenvalue q. Since q — sqs^^ for some s 7^ 0, T{v' s) — {v' s)q and v' s ^ 0, 
we infer that q is an eigenvalue of T as well. □ 

Remark 4.6. In our context, the subspace Ker{Aq{T)) has the role of an "eigenspace" 
In particular, it holds: Ker{Aq{T)) 7^ {0} if and only if §g is an eigensphere of T. 

There is an important difference from the standard complex Hilbert space: if 
T G S(H), then T and T* have always the same spherical spectrum and, as we 
shall prove later, T and T* are even unitarily equivalent, whenever T is normal. 

Proposition 4.7. Let H be a quaternionic Hilbert space and let T G S(H) he an 

operator. Then ps(T) — ps(T*) and crsiT) = (75 (T*). 

Proof Since Aq{T)* = Aq{T*) for every g G H, point (viii) of Remark [m and 
point (1) of Remark l4.2l immediatelv imply that ps{T) = ps{T*) and hence (Js{T) — 
as{T*). □ 

We are now in a position to establish an important result concerning the spec- 
trum of normal, self-adjoint, anti self-adjoint and unitary operators. That state- 
ment, at first glance, sounds quite weird, since it declares that the point spectrum 
of an anti self-adjoint and unitary operator T on H completely fills a sphere. In 
this way, aps{T) has to be uncountable in all cases, even if the quaternionic Hilbert 
space H is separable. However, differently from the complex Hilbert space case, 
there is no contradiction now. Indeed, in quaternionic Hilbert spaces, eigenvectors 
of two different eigenvalues are not mutually orthogonal in general, unless both the 
eigenvalues are real. 

Theorem 4.8. Let H be a quaternionic Hilbert space and let T : D{T) — > H be 
an operator with dense domain. The following assertions hold. 
(a) //T G *B(H) is normal, then we have that 

(i) aps{T) = apsiT*), 

(ii) ars{T)^ars{T*)^%, 
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(iii) <Jes{T)^<Jcs{T*). 

(b) If T is self-adjoint (not necessarily in *B(H)J, then <Js{T) C M and ars{T) 
is empty. 

(c) If T is anti self-adjoint (not necessarily in *8(H)j, then crs(T') C Im(H) 
and ars{T) is empty. 

(d) IfT e <B(H) IS unitary, then as{T) C {g G H | |g| = 1}. 

(e) If T Cz S(H) is anti self-adjoint and unitary, then (Js{T) = aps(T) — S. 

Proof (a) Since Aq(T)* = Aq{T*) and T is assumed to be normal, it follows 
immediately that Aq(T) is normal as well. Therefore, thanks to Proposition 12.191 
we know that Ker{Aq{T)) = Ker{Aq{T*)). This equality implies at once that 
<^ps{T) = <Jps{T*). Let us prove that crrs{T) = 0. Suppose on the contrary that 
'^rs{T) contains a quaternion q. It would follows that 

{0} = i^er(A,(r)) = i^er(A,(r*)) = Ran{Aq{T)t ^ {0}, 

which is a contradiction. Similarly, one can prove that ars{T*) — 0. Since crglT) = 
<Ts{T*) by Proposition 113 CTps(r) = aps^T*), CT^s(r) = ars{T*) and the three 
components of the spherical spectrum are pairwise disjoint, we infer that (Jcs{T) = 
<^cs{T*) as well. 

(b) Consider q = r + f G M. with r S M and ly G Im(]HI) \ {0}. We intend to show 
that q G Ps{T), which is equivalent to crs{T) C M. One has: 

Aq{T) = - T2r + Ir^ + ^ {T - Irf + l\v\'^ . 

Since T is self-adjoint, T — Ir is self-adjoint as well. In particular, T — Ir is closed 
with dense domain. Define the operator Sr ■ D{T'^) — !• H by setting 5*.^ := (T— Ir)^. 
Applying point (d) of Theorem EUl we infer that D{Sr) ^ DiT"^) = D{Aq{T)) 
is dense in H and Sr is self-adjoint. Consequently, Aq{T) = (T — Ir)^ + I|z^p is 
self-adjoint as well. Since T — Ir and Sr are self-adjoint, if it G D{T^), then we 
have that 

{u\Sru) = ((T - Ir)M|(r - lr)u) > 0, 

\\Aq{T)u\\^ = {SrU + U\iy\^ I SrU + u\iy\^) = \\SrU\\^ + 2|l/p(u I SrU) + \iy\^\\u\\^ 

and hence we can write that 

(4.9) |iA,(rHi>|z.ni^|l. 

The latter inequality implies at once that Ker{Aq{T)) = {0} and Aq{T)~^ : 
Ran{Aq{T)) — > D{T^) is bounded. Bearing in mind Proposition 12.141 and the 
fact that Aq(T) is self-adjoint, we observe: 

Ran{Aq{T)) - {Ran{Aq{T))^)^ = Ker{Aq{T)*)^ = 

= Ker{Aq{T))^ = {0}^ = H. 

This proves that q G ps{T) and hence that <Js{T) C M, as desired. 

The proof of the fact that <Trs{T) = is similar to the one given above. If 
p G CTr-s (T) , then we obtain the following contradiction: 

{0} = Ker{Ap{T)) - Ker{Ap{TY) - Ran{Ap{T)f ^ {0}. 

(c) Let A = r + ^ G H with r G R \ {0} and v G Im(H). We must prove that 
A G ps{T)- First, we show that 

(4.10) \\A^{T)u\\>r^\\u\\ iiueD{T^), 
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which imphes that Ker{AxiT)) = {0} and Aa(T)-i : Ran{AxiT)) — > D{Ax{T)) 
is bounded. Let u E D{T'^). Since T is anti self-adjoint, we have that {T'^u\Tu) + 
{Tu\T'^u) = = {Tu\u) + {u\Tu) and {T'^u\u) + {u\T'^u) = -2|lTu||2. In particular, 
it holds: 

\\Ax{T)uf = WT^uf + (r2 + \vmuf + 2{r^ - \i^\^)\\Tu\\\ 

If - > 0, then (|4T0l) is evident. Suppose that - < 0. Since ||ru||2 = 
-(u|T2u) < ||w|| llT^ull, we have that 2{r^ - \v\'')\\Tuf > 2{r^ ~ W)\\u\\ \\T^u\\. 
It follows that 

\\^x{T)uf > \\TM' + ir' + Wmuf + 2(r^ - W\')M \\TM = 

= (llT^ull - \iy\^\\u\\)^ + 2r^\\u\\ \\r'u\\ + [r^ + 2r^\i^\^)\\u\\^ > 
>r*\\uf. 

Inequality (|4.10p is proved. Now we show that D(T^) is dense in H and A\{T)* = 
A_r+j.(T). Applying point (d) of Theorem [2?T5l to T, we obtain that L»(T2) is 
dense in H and is self-adjoint. Evidently, the operator + Ir^ : D{T^) — > H 
is self-adjoint as well. In this way, bearing in mind point (iv) of Remark 12. 16[ we 
infer that 

+ Ir^ = (T - Ir f + T2r ^ {{T - Ir)^ + r2r)* D ((T - Ir f)* + T*2r ^ 
= {{T-lr fy - T2r 

and hence (T + Irf = (T - Irf + T4r D ((T - Irf )*. By point (v) of Remark 
we have also that {{T - Irf)* D {T* - Ir)'^ = (T + Ir)^. It follows that 
((T - Ir)2)* = (T + Ir)2 and hence 

AxiTf - ((T - Irf + I|z.|2)* = (T + Irf + - A_,+,(T), 

as desired. Thanks to (|4.10p . we know that || A_r+iy(2^)'"|| > 7'^||ti|| for every u £ H. 
In particular, we infer that Ker{A^r+u{T)) = {0}. In this way. Proposition 12.141 
implies that 

Ran{Ax{T)) = {Ran{Ax{T))^)^ = Ker{Ax{T)*)^ = 

= Ker{A^r+.{T))^ = {0}^ = H. 

We have just established that A € PsiT) and hence that (Ts{T) C Im(H). The 
equality <7rs{T) = can be proved as in the proof of (a). 

(d) Since Aq{T) — T^, it is obvious that Aq{T) is bijective and its inverse 
coincides with (T*)^ e *B(H). It follows that € PsiT). If \q\ > I = \\T\\, then 
point (a) of Theorem 14 . 31 ensures that q e Ps{T). Let < |g| < 1. We have: 

A,iT) = T^-T{q + q)+l\q\^ = 

= {{T*f - T*{q-' + q-') + I\q-'f)T'\qf = 

= A^-^(T*)TW\ 

The operator T* is unitary and \q^^\ ~ > 1- In this situation, we know that 
Aq-i (r*) is bijective and has bounded inverse. It follows that Aq{T) is bijective and 
has bounded inverse as well. This proves that q G ps{T). We have just established 
that, if g g ps{T), then |g| ^ 1, completing the proof of (d). 
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(e) The fact that <Js{J) C S is an immediate consequence of (c), (d). Moreover, 
due to (d) in Proposition 13.81 and Proposition 14. 5| every i g S belongs to aps{T). 
Since crps{T) C crs{T) the thesis holds. □ 

5. Real measurable functional calculus for self-adjoint operators 

AND slice nature OF NORMAL OPERATORS 

Let H be a quaternionic Hilbert space and let T G S(H) be a normal operator. 
This part focuses on the problem concerning the existence of self-adjoint operators 
A,Bg *B(H) and of an anti self-adjoint and unitary operator J e 55(H) such that 
T decomposes as 

T ^ A + JB 

and J commutes with T and T* . We shall prove not only that operators A, B 
and J exist (Theorem 15. 9|) . but even that there exists a left scalar multiplication 
H 9 5 I— > of H such that ^ J for some z S § and Lq commutes with A and B for 
every g e H (Theorem 15. 14p . As a by-product, we will give a proof of the known 
fact [32j that normal operators are unitarily similar to their adjoint operators. 
Furthermore, in Proposition 15.111 and Corollary 15.131 we will also establish the 
relation between the spherical spectrum of T and the standard spectrum of the 
restriction of T to the complex Hilbert subspaces H^* of H defined in Definition 
13.61 The way we shall follow to prove the mentioned results relies upon some tools 
of measurable functional calculus for self-adjoint operators on quaternionic Hilbert 
spaces, which are interesting on their own right. 

5.1. The operator Jq. It happens that, for a fixed normal operator T e S(H), 
there is an anti self-adjoint operator Jq, isometric on Ran{T — T*) — Ker{T —T*)^ 
and vanishing on Ker{T — T*), uniquely determined by T, that commutes with T 
and T*, and induces an apparently familiar decomposition of T into a complex 
combination of self-adjoint operators: 

(5.1) T= (r + r*)i + Jo|T-T*|i. 

In the special case in which Ker{T — T*) = {0}, if we fix an imaginary unit i of H 
and a left scalar multiplication H 9 q i-> of H with L, = Jq (see Proposition l3.8p . 
then we can also write: 

(5.2) r= i(T + T*) + Jo — (T-T*). 

2 2i 

Notice that, if Jq did not commute with T~T*, then the operator ^{T — T*) could 
not be self-adjoint. So commutativity plays a crucial role here. 

Theorem 5.1. Let H be a quaternionic Hilbert space and let T G ®(H) be an 
operator. Then there exists, and is unique, an operator Jq € ®(H) such that: 

(i) Jo anti self-adjoint, 

(ii) decomposition i5. 1\) holds true, 

(iii) Ker{T - T*) = Ker{.h), 

(iv) Jo Jo* = I on Ker{T - T*)^ , 

(v) Jo commutes with \T — T*\. 

Moreover, jQ{Ker[T — T*)-^) C Ker{T — T*)^ and, if T is normal, then Jq 
commutes also with all the operators in *B(H) commuting with both T and T* . 
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Proof. By applying Theorem 12.201 (see also Remark I2.22|) to the anti self-adjoint 
operator T ~ T*, we obtain an anti self-adjoint operator W £ f8(H) such that 
T-T* ^ W\T~T*\, Ker{T-T*) = Ker{\T~T*\) C Ker{W) and WW* = I on 
Ker{T — T*)^ . Moreover, W commutes with \T - T*\ and with aU the operators 
in «B(H) commuting with T -T* (and with (T - T*)* = -(T - T*)). In particular, 
if T is normal, then W commutes also with T and T* . Evidently, Jq W has the 
desired properties. 

Let us show that such an operator Jq is unique. Let Ji G f8(H) be an operator 
satisfying conditions (i)-(v) (with Jq replaced by Ji). By combining (i), (ii) and 
(v) with the fact that \T ~T*\ is self-adjoint, we infer that 



It follows that T - T* = Ji\T - T*\. Define P ■.= \T -T*\. Bearing in mind (iii), 
(iv), the positivity of P and the uniqueness of the quaternionic polar decomposition 



As an immediate consequence, we obtain: 

Corollary 5.2. Let V\ he a quaternionic Hilbert space, let T g S(H) he a normal 
operator, let S 53 (H) he the operator with the properties listed in the statement of 
Theorem \5.1\ and let i £ S. Suppose that Ker{T — T*) = {0}. Then Jq is unitary. 
Moreover, ifM 3 q i-^ Lq is a left scalar multiplication o/H such that = Jq, then 
hoth operators ^{T + T*) and ^{T — T*) are self-adjoint and decomposition h5.i^) 



5.2. Continuous and measurable real functions of a self-adjoint operator. 

Throughout this section, given a quaternionic Hilbert space H, we consider *B(H) as 
a real Banach algehra with unity I; that is, here *B(H) denotes the set of (bounded 
right H-linear) operators on H, equipped with the pointwise sum, with the real 
scalar multiplication defined in ()2.8p . with the composition as product and with 
the norm defined in (|2.6|) . 

Let be a non-empty subset of M. We denote by "^(/C, M) the commutative real 
Banach unital algebra of continuous real- valued functions defined on /C. As usual, 
the algebra operations are the natural ones defined pointwisely, the unity 1^; is the 
function constantly equal to 1 and the norm is the supremum one || • ||oo- 

It is worth recalling the notion of real polynomial function. 

Definition 5.3. A function p : K. — > M is said to be a real polynomial function if 
there exists a polynomial P e M\X] such that p{t) = P{t) for each t G JC. 

Remark 5.4. Since the zero set of a non-null real polynomial is finite and every 
finite subset is the zero set of a non-null polynomial, we infer that a real polynomial 
function on /C is induced by a unique polynomial in R[X] if and only if /C is infinite. 
In other words, the homomorphism from M.[X] to "^(/CjM), sending P into the real 
polynomial function induced by P itself, is injective if and only if IC is infinite. 

Before stating the next result, we remind the reader that the spherical spec- 
trum of a self-adjoint bounded operator is a non-empty compact subset of M (see 
Theorems llStb) andgHb)). 



T* = (T + T*)- - Ji|T-r*|-. 




□ 



holds. 
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Theorem 5.5. Let H be a quaternionic Hilbert space and tet T G *8(H) be a self- 
adjoint operator. Then there exists, and is unique, a continuous homomorphism 

$T:^(fT5(r),R)9/^/(r)e'8(H) 

of real Banach unital algebras such that: 

(i) $T is unity-preserving; that is, $t(1cts(T)) = I- 

(ii) ^xiid) — T , where id : crs{T) ^ K denotes the inclusion map. 
The following further facts hold true. 

(a) The operator f{T) is self-adjoint for every f € ^(cr5(T),M). 

(b) $r is isometric; that is, \\f{T)\\ = ||/||oo for every f e "^((75(7), R). 

(c) $T is positive; that is, f{T) > if f € "^(<Ts(r),M) and f{t) > for every 
t e as{T). 

(d) For every f G '^{as{T),M) , f{T) commutes with every element 0/ *8(H) 
that commutes with T . 

Proof. The present proof is organized into two steps. 

Step I. Suppose that as{T) is infinite. Let us prove the uniqueness of $t- First, 
observe that, thanks to (i) and (ii). Hp : crs{T) — > R is a real polynomial function 
induced by the (unique) polynomial P G K[X], then $t(p) = P{T), where P{T) is 
the operator in «8(H) defined in Let * : "r(crs(T),M) — > <B(H) be another 

unity-preserving continuous homomorphism with \['(jrf) = T. It follows that the 
map ^' — $T is continuous and vanishes on every real polynomial function defined 
on as{T). By the Weierstrass approximation theorem, the set of all real polynomial 
functions on crs(T) is dense in 'if{as{T),R) and hence ^ = ^t- 

Let us construct i>T- For every real polynomial function p : crs{T) — > M, define 
■= P{T), where P is the unique polynomial in M.[X] inducing p. Since T is 
self-adjoint, the operator P(T) is also self-adjoint and hence points (c) and (e) of 
Theorem 14.31 implv that 

||$t(p)|| = sup{|P(r)| e M+ I r e as{T)} = \\p\\^. 

By continuity, $7^ extends uniquely to an isometric homomorphism on the whole 
'i^{as{T),M.), which satisfies (a) and (b). Evidently, by construction, $t satisfies 
also (i) and (u). Let us prove (c). Given a function / £ '^{as{T),M.) with f{t) > 
for every t e 0-5 (T), we can apply to \/J e '^to[as[T), R), obtaining the operator 
y7(r) e <B(H). Since VfiT)^{T) = f{T) and ^/f{T) is self-adjoint, it holds: 

{u\f{T)u) = {u\^f{T)^f{T)u) - {^f{T)u\^f{T)u) € R+ if u e H, 

as desired. Point (d) is evident if / is a real polynomial function. By continuity 
and by the Stone- Weierstrass approximation theorem, (d) turns out to be true for 
every /e'^(as(r),M). 

Step II. Suppose now that as {T) is finite. The uniqueness of $t is easy to see. 
Indeed, if / : crs{T) — > E is a function (which is always continuous in this case), 
then there exists P G R[X] such that f{t) — P{t) for each t S crs(r). In this way, 
bearing in mind (i) and (ii), we have that $t(/) must be equal to P{T). Now, 
CoroUarv 14. 41 ensures that such a definition of $t is consistent, because it does not 
depend on the choice of P, but only on /. 

Points (a) and (d) are evident. Points (b) and (c) can be proved as in Step I. □ 

Next step consists in extending the notion of function f{T) of a self-adjoint 
operator T to the case in which / : as{T) — > M is Borel-measurable and bounded. 
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In the following, we consider the non-empty subset /C of M to be equipped with 
the relative euclidean topology and we denote by !3§{JC) the Borel cr-algebra of JC. 
Moreover, we indicate by M(/C,R) the commutative real Banach unital algebra of 
bounded Borel-measurable functions from K, to M. As before, the algebra operations 
are the natural ones defined pointwisely, the unity is the function 1^; and the norm 
is the supremum one || • |joo, and not the essential-supremum one, since no measure 
has been adopted on /C. 

Theorem 5.6. Let V\ he a quaternionic Hilbert space and let T G *8(H) be a self- 
adjoint operator. Then there exists, and is unique, a continuous homomorphism 

$T : M{asiT),R) 3f^ f{T) G »(H) 

of commutative real Banach unital algebras such that: 

(i) $T is unity -preserving and ^T{id) — T. 

(ii) /(T) is self-adjoint for every f G M{as{T),M.). 

(iii) If a sequence {fn}neN in M{as{T),'R.) is hounded and converges pointwisely 
to some f G A/(cr5'(r), R), then {$T(/n)}TieN ^T{f) in the weak opera- 
tor topology; that is, {i^($T(/n)('"))}neN F{'^T{f){u)) in H for every 
ueH and F e H'. 

The following further facts hold. 

(a) $T extends $t; that is, $t = on '^{as{T),R). 

(b) $T is norm-decreasing; that is, ||/(T')|| < \\f\\oo for every f G M{as(T),'R.). 

(c) $T is positive; that is, f{T) > if f e M{as{T),R) and f{t) > for every 
teas{T). 

(d) For every u G H, define the function fi^ : Si{as{T)) — > R+ by setting 

fiu{E) {u\%TiXE)u), 

where xe is the characteristic function of the Borel subset E of as{T). 
Then each /i„ is a finite positive a -additive regular Borel measure on <ys{T) 
and, for every f G M{as{T),R) , it holds: 

(5.3) \\fiT)u\\'= I fdp.^. 

Jas{T) 

(e) For every f G M{as{T),R) , f{T) commutes with every element o/ *8(H) 
that commutes with T . 

(f) // a sequence {/n}neN in M{as{T),R) is bounded and converges pointwisely 
to some f G M{as{T),R), then {^'T(/n)}nGN ^ ^T{f) in the strong opera- 
tor topology; that is, {$T(/n)(u)}„gN ^ ^T{f)iu) in H for every u G H. 

Proof. We begin with the existence issue proving en passant the validity of points 
(a)-(f). We subdivide this part of the proof into three steps. 

Step I. Fix li G H. Bearing in mind point (c) of Theorem 15. 5[ we can define the 
map 

<r(as(r),C) 3 f ^ {u\Re{f){T)u) +i{u\lm{f)iT)u) G C, 

where '^{as{T), C) denotes the usual complex Banach space of C-valued continuous 
functions on as{T). That map defines a complex linear functional on '^((T5(T), C), 
which is positive by (c) of Theorem 15.51 Riesz' theorem for Borel measures on 
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Hausdorff locally compact spaces (see Theorem 2.14 of 28 ) implies that there is a 
unique positive a-additive regular Borel measure ^« : crs(T) — such that 

(u|Re(/)(T)u)+i(u|Im(/)(T)u) = / /d/iu if / G "if (fTs(r), C) 

Jas{T) 

and hence 

(5.4) {u\f{T)u)^l fdfi^ iife^^{<Js{T),R). 

J<Js(T) 

As a consequence, we obtain: 

(5.5) /Z„(crs(T)) = / las(T)dtJ'u^ {u\lu) = \\u\\'^. 

Jcrs{T) 

Step II. Fix u, u e H. Let us prove the following polarization-type identity: 

^{u\f{T)v) ^{u + v\f{T){u + v)) -{u- v\fiT){u - v)) + 

+ {{ui + v\f{T){ui + v)) - {ui - v\f{T){ui - v))) i+ 

(5.6) + {{uj + v\f{T){uj + v)) - {uj - v\f{T){uj - v)))] + 
+ ((life + v\f{T){uk + v)) - {uk - v\f{T){uk - v))) k. 

Let a, /?, 7, i5 € R such that {u\f{T)v) — a + /3i + '^j + 5k. By point (a) of Theorem 
15.51 we know that f{T) is self-adjoint and hence it holds: 

{u + v\f{T){u + v)) - (u - v\f{T){u - v)) = 2{u\fiT)v) + 2{v\f{T)u) = 

= 2{u\f{T)v) + 2{f{T)v\u)^ 

= 2{u\f{T)v)+2{u\f{T)v) = 
= ARe{{u\f{T)v)) =4a. 

In particular, we have: 

{ui + v\f{T){ui + v)) - {ui - v\f{T){ui - v)) = 4Re(-i(u|/(T)u)) = 4/?, 
{uj + v\fiT){uj + v)) - {uj - v\f{T)iuj - v)) = ARei-j{u\fiT)v)) - 47, 
{uk + v\f{T){uk + k)) - {uk - v\f{T){uk - v)) = ARe{-k{u\f{T)v)) ^ AS. 

Equality (|5.6p follows immediately. For every a G {0,1,2,3}, define the signed 
measure v^}] '■ ^{as{T)) — > M by setting 

^iiiE) ■■= \f^ue^+v{E) - \fiue^^.{E) a EE ^{<Js{T)). 

For convenience, define cq ■— 1, ei :— i, e-i := j and 63 :— k. Thanks to (j5.4p and 
()5.6p . we infer at once that 

3 

(5.7) {u\fiT)v)^y2 fdvi^ea f e'^{cTs{T),R). 

If we think of (finite) signed measures as sub-cases of complex measures, then we 
can exploit the known result (valid in general for complex regular Borel measures 
in view of the complex measure Riesz' representation theorem }28[ Theorem 6.19]) 
that two such measures coincide when the corresponding integrals of real continuous 
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compactly supported functions produce the same results. In that way, by ()5.7|) . one 
easily obtain that 

(5.8) = ^i?] + if «'e Hand a £{0,1,2,3}, 

3 3 

(5.9) Y.^i%ea^Y.^i":leaq if g G H. 

a=0 a=0 

In addition, since f{T) is self-adjoint, we have that 

E / fdf^i":i^a = {v\f{T)u) = {f(T)u\v) = {u\fiT)v) - 

3 

and hence 

(5.10) /i5 = t^^°l and = if a € {1, 2, 3}. 
Moreover, equality (|5.5p implies that 

(5.11) l^^iC'TsCT))! < hll Ml if a e {0,1,2,3}. 

Indeed, it holds: 

4|4':]('^s(r))| = \\uea + - \\uea - vf = ARe{{uea\v)) = 
= 4Re(-ea(u|t;)) < 4|(u|i;)| < 4||u|| 

Viewing ^„ as a signed measure, one can compare (15. 4p with (|5.7p using the same 
uniqueness property established in Riesz' theorem for complex Borel measures |28l 
Theorem 6.19], obtaining: 

(5.12) = and i^i^ = if a G {1, 2, 3}. 
Step in. Let / e M{as{T),R). Define the quadratic form 

3 

H X H 3 {u,v) Qf{u,v) := V / fdi^i'^Ua e H. 

a=0^-s(T) 

In view of (|5.8p - (|5.1ip . that quadratic form is right H-linear in the second compo- 
nent and quaternionic hermitian; that is, Q f{u,vq + v'q') = Qf{u,v)q + Qf{u,v')q' 
and Qf{u,v) = Qf{v,u) if u,v,v' € H and q,q' G H. Moreover, Qf is bounded: 

\Qf{u,v)\<A\\fU\\u\\\\v\\. 

Quaternionic Riesz' theorem (see Theorem 12. 8p immediately implies that there 
exists a unique operator in S(H), we shall indicate by /(T) again, such that 

(5.13) {u\f{T)v) ^Qf{u,v) iiu,veH. 

That operator is self-adjoint; that is, (ii) is verified. Indeed, it holds: 



{u\f{T)v) = Qf{u, v) = Qf{v, u) - {v\f{T)u) = {f(T)u\v) if z; € H. 

The map $t : M{as{T),R) — > «B(H), sending / into /(T), satisfies (a); that is, it 
is an extension of ^r- This is immediate consequence of (|5.7p and of the definition 
of /(T). Point (a) and points (i) and (ii) of Theorem 15.51 implies at once (i). 
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Let us prove that $t is a homomorphism of real algebras. By construction, it is 
evident that it is R-linear. Let x,y E H. Given /, g e M{(ts{T),M.), we must show 
that $t(/5) = $t(/)$t(5). Firstly, suppose that f,ge 'tf{as{T),R). We have: 



a=0"''^s(T) 

3 

= E / f9di^i'',lea if H. 



Once again exploiting the uniqueness of the signed measures, we conclude that 
^^ul(T)v = 9dv^u)j for every a e {0,1,2,3}. In this way, if / € M(crs(T),R) and 
g e V(crs(r),R), it holds: 



j^l fg dvi^l = ^ / / dv^^l e„ = {u\f{T)g{T)v 
{f{T)u\g{T)v} = j2 [ adi^^""^ 



siT) 



It follows that f diy^u^l = ^^/°T)ti u ^'-'^ every a G {0,1,2,3}. Finally, if /, g G 
M(fTs(r),R), then we have that 

{u\^T{fg)v} =J2f f9 di^ii ea^J2 f 9 rf4(T)«,. ea = 

= ($T(/)u|$T(ff)w) = {u\$Tif)^Tig)v). 

Since this is true for every u,v E H, we infer that <&t(/<?) = $t(/)*I't(<7)7 as desired. 

Point (c) is quite evident. Indeed, if / G M{as{T),R) and / > 0, then V7 e 
M(crs(r),M) and / VJVf. Therefore, it holds: 

{u\f{T)u) = {u\^{T)^{T)u) - {^{T)u\^{T)u) > if u G H. 

Let us prove (d). First, observe that, if u G H and E G ^{as{T)), then (|5.12p 
and ()5.13p imply that 

(u|$T(Xis)") = E / XEdiyi°:lea^ Xe d^Xu = tJ-u{E). 

Moreover, bearing in mind ()5.5p . we have: 

\\f{T)u\\' = ($T(/)^|$T(/)^i) = (^|$t(/)'^) = (^i|$T(/')^i) = 
/'dAi„<||/||LMn(cT5(r)) = ||/||Lll"lP, 



so that ||/(T)|| < ||/||oo. This completes the proof of (d) and proves (b). 

We pass to prove (e). Let / G M{as{T),R) and let 5 G *B(H) be an operator 
which commutes with T. We must show that S'$t(/) = ^T{f)S. Thanks to 
point (d) of Theorem ESI the latter equality holds if / G '^(cts(T),M). In this 
way, repeating the argument employed to prove that $t is a homomorphism of real 
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algebras, one obtains that i^i^^^ y — i^l^ 5^ if w, G H and a G {0, 1, 2, 3}. It follows 
that 



'<ys{T) 



fdiy^"^ e 



(u|5$t(/H = {S*u\^T{f)v) I 

3 



if w, w e H and hence S* $t(/) = $t(/) 5. 

It remains to show (f) (which implies (iii)). If {/njneN is a bounded sequence 
in M{as{T),M), which converges pointwisely to some / S M(crs(T),M), then we 
can apply Lebesgue's dominated convergence theorem to {/„ — /}„gn- In this way, 
thanks to (|5.3p . we obtain: 



hin \\{UT)- f{T))ur^ hin / (/„ - = 0, 



l<Js{T) 

Now we consider the uniqueness issue. Assume that there is another continuous 
unity-preserving homomorphism 4' : M{as{T),l$.) — > ®(H) satisfying (i)-(iii). By 
TheoremEDand point (i), we have that *(/) ^ $t(/) = $t(/) if / e '^(CTs(r),R). 
Let w e H. Define the map v^^ : Sg{as{T)) — > R+ by setting 

v^^\E) := {u\^{xe)u) if £; e ^(a5(T)). 
Thanks to the fact that ^E* is a homomorphism satisfying (ii), we have that such a 
map is well-defined. Indeed, if i? € ^((75 (T)), it holds: 

{u\^{xe)u) = {u\^{xeXe)u) = {u\^{xe)-^{xe)u) = {-^ {xe)u\^ {xe)u) E M+. 

Observe that 1^1*^(0) = (u|^(0)u) = 0. Moreover, if {_E„}„gN is a sequence of 
pairwise disjoint sets in ii§{(Js{T)), then point (iii) implies that 



V^n\[j^^f.iEn) = (u limfc^+00 {ELoX-B„ 



= limfe^+00 E^=0 I * {XE,^u) = 

This proves that ^^i*"* is a positive cr-additive Borel measure on as(T). Notice 
that that measure is finite as i'^^\crs{T)) = (u|^'(1o-s(t))'w) = In view of 

Theorem 2.18 in [55], such a measure is regular. By standard approximation of 
measurable functions with simple functions and by point (iii), we infer that 

{u\^{f)u) = / /d^*) if / e M{as{T),R). 

Jas(T) 

On the other hand, bearing in mind (|5.4p . if / G '^(cr5(T), M), one has 

Jo-s(T) J<ys{T) 
The already exploited uniqueness property implies that — ^'i*'' ■ In this way, for 



every / G M(crs(T),K), it holds: 



{u\{^{f)-'^T{f))u)= fdi^i"^- fdpiu = 0. 

Jas{T) J<Ts{T) 
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Applying Proposition [2371 we have that ^ = $a- Q 

5.3. Quaternionic 1/^-representation of measurable real functions of a 
self-adjoint operator. In this section, exploiting the functional calculus previ- 
ously constructed, we establish the key tool in proving the existence of an anti 
self-adjoint and unitary operator J commuting with a given normal operator T 
and with its adjoint T* . Indeed, here we prove the existence of such J in the spe- 
cial situation in which T is self-adjoint. The existence of J will be established by 
constructing a suitable L^-realisation of the quaternionic Hilbert space H , where T 
and every measurable real function f{T) act as multiplicative operators. 

Let X be a set and let be a positive cr-additive measure on X. Denote 
by IHI;/x) the quaternionic Hilbert space of the squared integrable functions 

/ : X — > H with respect to ^. Here L^(X, H; /i) is considered as a quaternionic 
right module in which the sum of functions is the standard pointwise sum and the 
right multiplication by quaternions is defined pointwisely. The scalar product is 
defined as follows: if /, 5 G H;^) and /o, /i, /2, /s, 50, 51, ff2, ffs are the real- 

valued functions on X such that / — X]a=o /"'^a ^^'-'^ -9 ~ X]a=o5aea, then we 
set 

3 

:= / fgdfJ,^ ^ / fa9bdfieaeb. 

Here {eo, ei, 62, 63} is a fixed orthonormal basis of H. In particular, the norm ||/||l2 
of / in L^{X,m;fi) is given by H/jU^ = {J^ l/pd/i)'/' (see e.g. [5j). 

Theorem 5.7. Let H be a quaternionic Hilbert space and tet T G *B(H) be a self- 
adjoint operator. Then the following assertions hold. 

(a) There exists an orthogonal decomposition of H into closed subspaces H = 
®eeA with the following two properties: 

(i) f{T){Ui) C Hi for every f S M(crs(T),K) and i G A. 

(ii) For each £ G A, there is a finite positive regular Borel measure /i^ on 
(75 (r) and an isometric isomorphism Ug : L^((75(T),H;/X|) — > Hi 
such that 

{U^'f{T)\u,Ui) {g)^fg 

for every f € M(as(T),M) and g G L\as{T),m- fif), where f{T)\H, 
denotes the restriction of f{T) from to H^. 

(b) There exists J G 03 (H) such that: 

J* = -J, J* J ^ I and Jf{T) = f{T)J for every f G M{as{T),B). 

Proof. Let u G H. Denote by Hu the vector subspace of H consisting of all 
vectors x having the following property: there exists a non-empty finite fami- 
ly {El, . . . ,Ejq} of pairwise disjoint Borel subsets of (Ts[T) and qi,...,qj\i G H 
such that X — 'Y^^=iXEj(T)uqj. Indicate by H„ the closure of Hu in H. Let 

■ ^{cs{T)) — > be the finite positive regular Borel measure of 0-5 (T) sending 
E into {u\xe{T)u) = |lx£;(T)u|p (see point (d) of Theorem 15. 6p . Define the vector 
subspace L,^ of L^(o's(r), H; analogous to Hu'. a function / : (Js{T) — > H be- 
longs to if it can be represented as a finite sum X]j=i XFjPj, where i^i, . . . , Fm 
are pairwise disjoint Borel subsets of o'siT) and pi, . ■ . ,pm are quaternions. 

We subdivide the remainder of this proof into two steps. 
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Step I. First, suppose that Hu — H for some fixed m G H. Let V : L/^ — > H be 
the map defined as follows: 

N N 

(5.14) V(f):^Y.^E,iT)uq, \if^Y.^E,qr 

ft is quite easy to verify that V is well-defined; that is, V{f) depends only on /, 
and not on its representation XSjlj- Moreover, it is evident that V is right 

H-linear. Let us prove that V is isometric. Bearing in mind that XEjXEk = XEj if 
j — k and XEjXE^ =0 for j ^ k, we infer that 

2 

N 

^XE^q, 

3 = 1 ^2 -"S^-^J j^k=l 

N N 



/ XE.XEk d^luqjqk 

» JV N 

/ Y] XE, P dflu = V I 

J<T,c:(T) 



Since XEj{T)xEk{T) = {xejXeJ{T), we have that XEj{T)xEk{T) = XBj(r) if 
j = fc and XE, {T)XE, (T) = for j ^ k. It follows that 

2 



AT 



Y {xE,{T)uqj I XE^{T)uqk) = 

AT 

X! ^ I ^£^3 (^)XBfc {T)u) qk = 

3,k=l 

N N 



A 



L2 



Observe that is dense in L'^(<js(T),M; fiu)- Indeed, if / = Y^'^^q fa^a is a func- 
tion in L'^{as{T),M; fiu), then we can apply Theorem 1.17 of [28^ to each component 
fa of /, obtaining a sequence of which converges to / in L'^{as{T),M; fi^)- Bear- 
ing in mind that V is isometric and its range is dense in H by hypothesis, we have 
that V uniquely extends to an isometric isomorphism U : L^((T5(T), H; — > H. 
The construction also implies that 

(5.15) {U-'xE{T)U)ixF)^XEXF ifE,Fe^iasiT)). 

Indeed, we have: 

Xe{T)(U{xf)) = xe{T)xf{T)u = {xeXf){T)u = U{xeXf)- 

By combining Theorem 1.17 in [5S] and point (f) of Theorem l5.61 we obtain at once 
that 

{U-'f{T)U){xF) ^fXF if / G M{as{T),R). 
Finally, making use again of Theorem 1.17 of [28 , we obtain that 

iU-'f{T)U)g = fg fiu^a.e. in asiT) 
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for every / G M{asiT),R) and for every g e ^^(^^(T), H; 

Fix J e § and define the operator Y S 5B(L^(cr5(T), H; by setting Yg :— jg. 
Evidently, —YY is the identity of L^(crs(T), H; Furthermore, we have that 
Y* = -Y. Indeed, it holds:(/|r5) = J^^^^^Jjg f^u = - (t) j/f M« = ("^/Iff) 
for every f,g e L^{as{T),m; fi^). Define J G 'B(H) as foUows: J := UYU-^. 
It follows that J J — —I and, it being U isometric, J* = ~J. Let now / e 
M{as{T),M.). Since / is real-valued, we have that Yf = jf = fj and hence 

{U-\jf{T)U)ig) - {YU-'f{T)U)ig) - j/,g - fjg - 

= (C/-V(T)(7r)(g) = {U-'f{T)JU)ig) 

for every 5 G L'^((Ts(T), H; It follows that J commutes with f(T) for every 
/ e il/((T5(T),R). This proves the theorem if H„ = H for some u e H. 

Step II. Let us consider the case in which H„ 7^ H for every u g H. Since 
Ho ~ {0}, we have that H 7^ {0}. Choose u € H \ {0}. Observe that u — lu = 
l<^s(T)(T)u = Xos{T){T)u e Hu- It follows that i?„ ^ {0} and hence H„ ^ {0}. 

Fix / e M{as{T),'R). Let us show that 

(5.16) /(T)(H J c H„. 

Let X = Y.J=iXEj{T)uqj be an element of and let {s„ = X]fc=i XF„fcr„fe}„gN 
be a bounded sequence of real simple functions on as (T) converging pointwisely to 
/. By point (f) of Theorem I5.6[ it follows that 

N N N 

f(T){x) ^Y.f^T)xE,iT)uq, = Y.^fxE,){T)m, = Y.^XEj)(T)uq, = 

j=i j=i i=i 

N N Or, 

= Yl XE, {T)f{T)uqj = lim Xe, iT)xF„, {T)uqjr^k = 

j=l J = l k=0 

N 0„ 

= ^^"^ yy XB,nF,.fe(T)ugjr„fe 

n— >+oo ^ — ^ ^ — ^ 
3 = 1 k=0 

Since each Y.'j'=iY.k=QXE,nF„kiT)uq3rnk belongs to Hu, f{T){x) belongs to H„. 
Now inclusion (|5.16p follows by the continuity of f{T). Combining (|5.16p with the 
fact that f{T) is self-adjoint, we infer that /(r)(H^) C H^. In this way, applying 
Step I to the H„'s, we see at once that, in order to complete the proof, it suffices 
to show the existence of a subset {ui}i^A of H \ {0} such that H — ^^'^ 
Hue -L Huf/ for every £,£' G A with £ 7^ £'. However, this can be done by a standard 
argument involving Zorn's lemma. □ 

Remark 5.8. Let us focus on the proof of (b). Consider a function h G M{as{T), R) 
with h{t)'^ = 1 for every t G crsiT) and re-define {Yg){x) := jh{x)g{x) for every 
g G L'^{as{T),M; fi^). It easily arises that YY = —I and Y* = ~Y. Passing to 
H„, and finally to the whole H via Zorn's lemma, one obtains other definitions of J 
verifying all requirements in (b). Therefore, J turns out to be highly undetermined 
byT. 

5.4. The commuting operator J. We are eventually in a position to prove the 
existence of an anti self-adjoint and unitary operator J, commuting with any given 
normal operator T and with its adjoint T* . 
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Theorem 5.9. Let V\ be a quaternionic Hilbert space and letT G *B(H) be a normal 
operator. Then there exists an anti self-adjoint and unitary operator J G Q3(H) such 
that 

(5.17) TJ = JT, T*J = JT* 
and 

(5.18) T = (r + r*)i + j|T-r*|i. 

In particular, J is uniquely determined by T on Ker{T — y*)^ ^jid ifig operators 
(T + r*)i, jT — r*|i and J commute mutually. 

Proof. Since T is normal, it is easy to verify that both the operators T and T* 
preserve the decomposition H = Ker{T — T*)(B Ker{T ~T*)^ . Furthermore, T and 
T* coincide with the self-adjoint operator (T + T*)\ on Ker{T -T*). Denote by 
T' G ^{Ker{T-T*)) the self-adjoint operator oi Ker{T~T*) obtained restricting 
(T + T*)i. Let Jo be the operator obtained applying Theorem 15. ll to T. Since Jo 
preserves the above-mentioned decomposition of H, it is anti self-adjoint, unitary 
on Ker{T — T*)-^ and satisfies (|5.1|) . in order to complete the proof, it suffices to 
find an anti self-adjoint unitary operator Jg in ^(Ker{T — T*)) commuting with T' . 
Indeed, if one has such an operator Jg, then J := Jq® Jo has the desired properties. 
On the other hand, Jq is an operator given by point (b) of Theorem 15. 71 applied to 
T' with / equal to the inclusion map as{T') ^ R. □ 

Remark 5.10. If Ker{T — T*) is not trivial, differently from Jq, the operator J 
cannot commute with every operator commuting with T — T* . Otherwise, J would 
preserve Ker{T — T*) and the restriction J' of J from Ker{T — T*) to itself would 
be an anti self-adjoint and unitary operator in ''&{Ker{T — T*)), commuting with 
every element of ''&{Ker{T — T*)). As one can easily prove, there are no operators 
with these properties in '^{Ker{T — T*)). Finally, we stress that, as a consequence 
of Remark 1 5. 81 Jq is highly undetermined from T and that indeterminacy affect the 
definition of J itself. 

To go on, we need a relevant notion we shall extensively use in the remainder of 
the paper. Recall that, given a subset /C of C, we define the circularization flic of 
JC (m H) by setting 

(5.19) Qk: ■■= {a + 3(3 eE.\a,P eR,a + il3 eJC,j eS}. 

In the following, we denote by cr{B) and p{B) the standard spectrum and resol- 
vent set of a bounded operator i? of a complex Hilbert space, respectively. 

Proposition 5.11. Let H be a quaternionic Hilbert space, let T G S(H) be a nor- 
mal operator, let J G S(H) be an anti self-adjoint and unitary operator satisfying 
{5.1'l\l , let t E § and let Hj^ be the complex subspaces of H associated with J and i 
(see Definition \3. ffjl . Then we have that 

(a) T(H:(*) c andT*{Ui;^) C H:(\ 

Moreover, ifT\^.ji andT*\^.ji denote the C^-complex operators in *8(H:|^*) obtained 
restricting respectively T and T* to H:|^% then it holds: 

(b) (T|H.O* = riH-. 
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(c) (T(r||^ji) U (T(r||_|j!) — cs(r) n C^. Here (T(r||_|ji) is considered as a subset 
of Cj via the natural identification of C with induced by the real vector 
isomorphism C 3 a + if] a + i/3 Cz Ct . 

(d) a-s(r) = Q/c, where JC f7{T\^.H). 

An analogous statement holds for H'l^ . 

Proof. Recall that V\i^ = {u € V\\Ju — ui]. Let u e H:J^*. Since J commute with 
both T and T*, we have that J{Tu) = TJu = {Tu)i and J(T*u) = T*Ju = {T*u)i\ 
that is, Tu,T*u G H'^. Bearing in mind Lemma 13. 9[ it follows immediately that 
T+ := T\y^j. and T*\y^.H belongs to Q3(H:['), and (b) holds true. 
Let us pass to prove the following equality 



ps(r)nc.-p(r|H.Onp(r|H|0, 

which is equivalent to (c). Let q € Ps{T) H C,. Since J commutes with Aq(r) 
and ^q{T) admits inverse in 23(H), it follows that J commutes also with Ag(T)~^ 
and hence the restriction Ag(T)+ of Aq{T) from H;^* into itself is a well-defined 
invertible operator in *B(H:J^'). If 1+ denotes the identity operator on H:[*, then 
Ag{T)+ = (T+ - l+q){T+ - I+q) in <B(Hf')- Since A,(r)+ is invertible and the 
operators Ag(T)+, — I+g and — l^q commute with each other, we infer that 
both T+ — I+q and — I+g are invertible in *B(H:J^'). In other words, q belongs to 
/C)(T|hjO n p(T|hjO- This proves the inclusion ^^(r) n C p{T\hj^.) n'p{T\^. 

Let us prove the converse inclusion. Fix q e p{T\y^.n) n p{T\y^jz). The operators 
(rj^./, — 1+?)^^ and (TIhj. — I+g)^^ exist in *B(H:^*). Their product is the inverse 

of Ag(T)+. Points (a) and (f) of Proposition 13.111 immediatelv imply that Aq(T) 
is invertible in 55(H), so that q G ps{T). Point (c) is proved. 

Finally, (d) is a straightforward consequence of (c) and of definition (|5.19p . □ 

Denote by E[X, F] the ring of real polynomials in the indeterminates X and Y. 
As in the case of the ring M.[X] considered in Section [^31 we write the polynomials 
in ]R[X, y] with coefficients on the right. In this way, given Q S M[X, y], we 
have that Q{X, Y) — J2{h k)eB ^'^Y^rhk for some non-empty subset ^ of N x N, 
where the rhkS are real numbers, li A^B e S(H), then we define the operator 
Q{A,B) e <B(H) by setting 

(5.20) Q{A,B)= A'^B^hk. 

(h,k)£S 

Corollary 5.12. Let V\ be a quaternionic Hilbert space, let T € *B(H) be a normal 
operator, let J G ^(H) be an anti self-adjoint and unitary operator satisfying |5. J7| ) 
and i5.18]) . let i E E> and let Q e M.[X, Y] be a polynomial such that Q{a, /?) = if 
a + i/3 e as{T). Define A := (T + T*)i and B := |T-T*|i. Then Q{A,B) is the 
null operator in *8(H). 

Proof. Firstly, we observe that the operator F := Q{A, B) is self-adjoint and com- 
mutes with J. By applying the spectral radius formula (see (|4.3p ) and point (c) of 
Proposition 15 . 1 II to F, we obtain that 



|F|| -sup{|g|eR+|qea(^^|H.O} 
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where F\Y^.n denotes the operator in *B(H:[.') obtamed restrictmg F to H:[*. Points 
(a) and (b) of Proposition 15.111 imply that the restrictions AI^ji of A to and 
B\y^.jz of B to H'^ define operators in *B(H:['). Moreover, we have that A\i^.i, = 
{T\„.H + {T\„.^.)*)^ and B\„.n = (T|hj. - {T\H■J^)*) Y^■ The latter equality follows 
from the definition of H"^^ (see Definition 13. 6p and from the fact that B is equal to 
~J{T — r*)i. In this way, if / : (t(F||_|J.) — > M denotes the polynomial function 
sending a + i/3 into Q{a,l3), then the continuous functional calculus theorem for 
complex normal operators (see [281 [26l [24] ) ensures that F\f^.jz — /(A|hj> , ^Ih-'O 
and cr{F\„.H) = f{a{T\„.n)). By hypothesis, we know that /(cr(r|H./0) = {0}- ^ 
follows that (t(F|hj,) — {0} and hence ||F|| — 0; that is, = 0, as desired. □ 

In the following define C+ :— {q E M\q — a + %(3 , a, /3 G B., /S > 0} and, similarly, 
C7 {g e H I g = a + 2/3 , a, ^ e R , /3 < 0}. We have: 

Corollary 5.13. Let H be a quaternionic Hilbert space, let T G *B(H) he a normal 
operator, let J G ^(H) be an anti self-adjoint and unitary operator satisfying ^5.17\ l 
and 115.18]) . and let i (z S. Then it holds: 

(5.21) a{T\H..)^as{T)nC+, a{T\H.r.) ^ <js{T) n 
and hence 

(5.22) a{TH..) ^ a{T\HJ.). 

Proof Let A (T + T*)i and B := \T -T*\^, so that T = A + JB. Denote 
by T±, A± and B± the operators in *8(H;[*) obtained restricting T, A and B 
to Hj^, respectively. Observe that T± = A± ± B±t and B± > 0, because B is so. 
Therefore, the spectral theorem for self-adjoint operators in complex Hilbert spaces 
[29l[25 implies that a{B±) C K+. Let f± : a(T±) — > be the continuous C,- 
complex function sending a + i(3 into /3. It follows that B± — /±(±T±), where the 
right-hand side is defined in the standard sense by means of continuous functional 
calculus for normal operators in complex Hilbert spaces [1H1[11]- Moreover, using 
again the spectral theory in complex Hilbert spaces, we infer that /±(o'(±T±)) — 
(t(/±(±T±)). In particular, we have: 

±f±HT±)) = f±{<j{±T±)) = a(/±(±T±)) = <j{B±) 

and hence ±/±(cr(T±)) C M+. The latter inclusion is equivalent to the following 
two: a{T\jjj,) C C+ and (t(T|^.7>) C C^. By combining these inclusions with 
Proposition 15 . 1 If c) . we immediately obtain equalities (|5.21l) and (I5.22p . □ 

5.5. Extension of J to a full left scalar multiplication of H. We conclude this 
section by proving how it is possible to extend the operator J satisfying Theorem 
15.91 to a full left scalar multiplication H 9 g i— > Lg of H in such a way that each Lg 
commutes with (T + and |r - T*|i. 

Theorem 5.14. Let H be a quaternionic Hilbert space, let T £ S(H) be a normal 
operator and let i Cz S. Suppose that T decomposes as follows: 

T = A + JB, 

where A and B are self-adjoint operators in ^8(H) and J G ?B(H) is an anti self- 
adjoint and unitary operator commuting with A and B (for example, one can 
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choose J as in the statement of Theorem \5.9\ and define A := (T + T*)^ and 
B := |r — T*|ij. Then there exists a left scalar multiplication W 3 q Lq of V\ 
such that Li — J and, for every q G H. LqA = ALq and LqB = BLq. 

Proof. Let TV be a Hilbert basis of H and \eiM3 q^ Lq = J^zeN be the left 

scalar multiplication of H induced by N. Observe that, if S" e S(H) is an operator 
such that {z\Sz') € R for every z,z' S N, then LqS = SLq. Indeed, if z' £ N, one 
has: 

{LqS){z') = M^\Sz') = ^{^\Sz')q = S{z')q = S{z'q) = {SLq){z'). 

zeN zeN 

Thanks to this fact, it is sufficient to find a Hilbert basis iV of H such that the 
induced left scalar multiplication M 3 q i-^ Lq has the following properties: = J 
and {z\Az'), {z\Bz') £ R for every z,z' G N. Actually, it suffices to construct a 
Hilbert basis N of the Cj-Hilbert space H"^ satisfying 

(5.23) {z\A+z'),{z\B+z') eR ifz,z'eN, 

where A+ and B+ denote the operators in S(H:|.*) obtained restricting A and B to 
H'^, respectively. Indeed, by point (f) of Proposition [XH N is also a Hilbert basis 
of H and J = X^zsat ^^i-^l')- Let T+ e *B(H:|*) be the normal operator obtained 
restricting T to H:j^*. Observe that A^ and B+ are self-adjoint commuting operators 
and T+ = A^ + iB+ in '^{Ujj:). From the Spectral Representation Theorem (see 
Chap.X, sec. 5 of [10]), there exists an orthogonal decomposition 0fgA of H^j^ 
into closed subspaces and, for every ^ £ A, a positive cr-additive Borel measure /i£ 
on cr(T+) and an isometric isomorphism from Lf := L'^{a{Tj^.), C; /z^) to such 
that Hi is invariant under r+ and T^ (and thus under ^-|_ and -B+), and 

(C/,rf C/-i)(/,)(x + ly) = {x + iy)fi{x + ly) 

for every fi^Lf, where T^^ is the restriction of T+ from into itself. It follows 
that 

{Ui^A'^l^Ut)Ut){x + ly) = xfi{x + ly) 

and 

{U^^BfUi){fi){x + ly) = yfi{x + ly) 

for every £ S A and fi G where A^-* and B*^'' denotes the restrictions of A^ 
and from into itself. 

Fix ^ e A and define the operators A' := U^^A^l^Ui and B' := U^T^B^^'^Ui 
in ^{L'j). Let Ve be the set of all orthonormal subsets F of such that each 
function in F is real-valued. Equip Ve with the partial ordering induced by the 
inclusion. Since Ve is non-empty and inductive, Zorn's lemma ensures the existence 
of a maximal element Mg of V(. Let us prove that Mg is an Hilbert basis of Lj. 
Let g G such that g _L Mg in L'j; that is, it holds: 

= / gfdlJ-e^ Re{g)f d^g - 1 / lm{g)fdng 

for each / e M£. It follows that Re((7) _L Mg and Im((7) _L Mg. By the maximality 
of Mg, we infer that Ke{g) = = lm.{g) and hence g = 0, as desired. Observe that. 
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for every /, f E Lj, we have: 

(5.24) / 7{A'f')dfie^ [ xfix + iy)fix + iy)diieeR 

Ja(T+) J'r{T+) 

and 

(5.25) / JiB'Ddii,^ f y.nx + ty)f'{x + iij)dnieR. 

Define iV^ :— U{Mi) for every ^ e A and N := IJ^^^ A'^. The reader observes 
that, given any £ G A, (15.241) and (|5.25l) are equivalent to (|5.23p with z, z' € Ng. 
On the other hand, by construction, if £,£' G A with i £' , z G and z' E N^', 
then {z\A'z') = = {z\B'z'). This imphes and completes the proof. □ 

As a consequence, we obtain: 

Corollary 5.15. Let H be a quaternionic Hilbert space and Zet T € S(H) be a 

normal operator. Then there exists a unitary operator U : H — > H such that 

UTU* = T*. 

Proof. Decompose T as in Theorem [531 T = (T + T*)i + J|r - r*|i. Define 
A := (T + T*)i and B := \T - T*|i. Choose i e §. By TheoremEU there exists 
a left scalar multiplication M 3 q i-^ Lq oi H such that — J and, for every q E M, 
LqA = ALq and LqB = BLg. Let p E § such that pip = —i. Define U := Lp. It 
holds: 

UTU* = U{A + JB)U* = LpALp + LpJLpLpBLj = 

= A + Lp,pB = A + L_,B ^ A - JB ^T*. 

The proof is complete. □ 

We remind the reader that the preceding result is false in the complex setting: 
if is a complex Hilbert space and T is the normal operator on H obtained 
multiplying the identity operator by i, then it is immediate to verify that there 
does not exist any unitary operator U on H such that UTU* = T* . 

6. Relevant C*-algebras of slice functions 

Throughout this section, JC will denote a non-empty subset ofC, invariant under 
complex conjugation. 

6.1. Slice functions. We recall basic definitions and results concerning slice func- 
tions, taking ^20j and [T^ as references. 

Consider the complexification He := H^rC of H. We represent the elements w 
of He by setting w ^ q + ip with q,p E H, where = —1. The product of He is 
given by the following equality: 

(6.1) {q + ip){q + ip) = qq - pp + i{qp' +pq'). 

Let us introduce the notion of stem function on JC. 

Definition 6.1. Let F : IC — He be a function and let Fi,F2 : /C — ^ H be 
the components of = i^i + iF2. We say that _F is a stem function on IC if 
[Fi,F2) forms an even-odd pair with respect to the imaginary part of z G C; that 
is, Fi{z) = Fi{z) and F2{z) = —F2{z) for every z E JC. 
If Fi and F2 are continuous, then F is called continuous. 
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Remark 6.2. Given w ~ q + ip E He, denote by w the element q — ip oi He. It is 
immediate to verify that a function F : K, — > He is a stem function if and only if 
it is complex-intrinsic; that is, F{^) — F{z) for every z IC such that z e /C. 

As discussed in Remark [2.ir 3). the quaternions have the following two properties, 
which describe their "slice" nature: 

• Cj n Ck = M for every j, k g § with j 7^ ±k. 
In this way, every g S H can be written as follows: 

q = a + jf3 for some a, /? S M and j £ E>. 

If q G M, then a = q, (3 = and j is an arbitrary element of S. If g e H \ M, then q 
belongs to a unique "slice complex plane" Cj and hence q has only two expressions: 

(6.2) q = a+.7/3-a + (-j)(-/3), 

where a = Re{q), (3 — ±|Im(q)| and j — ±Im(g)/|Im(g)|. 

Recall the definition of circularization flic of K, given in (I5.19P : 

flic := {a+ em\a,(3 eR, a + il3 e K., J eS}. 

We are now in position to define slice functions. 

Definition 6.3. Each stem function F = Fi + iF2 : /C — > He on /C induces a 
(left) slice function X{F) : ftjc — > H on iljc as follows: ii q — a + jP G ^a: for some 
a, P E M. and j G S, then 

I{F){q) := Fi{z) + jF2{z) \i z = a + ip €1C. 

If F is continuous, then / is called continuous slice functions on VLx,. We denote 
by 5(r2/c,EI) the set of all continuous slice functions on Q,}^. 

The notion of slice function I{F) just given is well-posed. Indeed, if q G M, then 
F2{z) — and hence I{F){q) — Fi{q), independently from the choice of j in S. 
Moreover, if q belongs to H \ R and has expressions (j6.2p . then it holds: 

I{F){a + (-j)(-/3)) = F,{z) + {-j)F2{z) = F,{z) + jF^iz) = I{F){a + j/3), 

where z = a + if3. 

Remark 6.4. (1) Every slice function is induced by a unique stem function. Indeed, 
if / is induced by some stem function Fi + ?F2, j is a fixed element of §, z = a + z/3 
is an arbitrary point of K. and q :— a + ]P E then Fi{z) — ■^{f{q) + f{q)) and 
F2{z) = —]\{f{q) — f{q))- It follows that / satisfies the following representation 
formula: 

f{a + ifi) - \{f{q) + /(g)) - ij\(f{q) - f{q)) 
for every i G § (see Subsection 3.3 of for details). As an immediate consequence, 
we infer that, if two slice functions on fl)c coincide on Q,iq H Cj for some j G §, then 
they coincide on the whole VLk,. 

(2) All continuous slice functions / : fi^ — > H are continuous in the usual 
topological sense (see Proposition 7(1) of 20 ); that is, 5(r2j<:,H) C "^(ri^cEI). 

(3) Given n G N and a G H, the function £3 z^ z^a = Re(z")a + ilm(z")a G 
He is a stem function inducing the slice function H 9 g 1— >■ g"a G H. It follows 
that all polynomial functions X]/!=o ^^'^h on H and all convergent power series 
S/iGN ^^^h. some ball of H are slice functions. 
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The pointwise product of slice functions is not necessarily a slice function. On 
the contrary, as it is immediate to see, if = Fi + iF2 and G = Gi + iG2 are stem 
functions, then their product 

(6.3) FG = (FiGi - F2G2) + i{FiG2 + F2G1) 

is again a stem function. This suggests a natural way to define the product of slice 
functions. 

Definition 6.5. Given two slice functions / = 1-{F) and g = I{G) on we 
define the slice product f ■ g of f and g as the slice function T{FG) on ■ 

Remark 6.6. The slice product defines an operation on 5(r2Ac,H). Indeed, for- 
mula (|6.3p ensures that the product of two continuous stem functions is again a 
continuous stem function. 

Let us define the H-intrinsic and Cj-slice functions. 

Definition 6.7. Let F = Fi + iF2 be a stem function on K, and let / : fljc — > H 
be the slice function induced by F. We say that / is a M-intrinsic slice function 
if /(?) = fil) foi' every q e Qjc- This is equivalent to require that Fi and F2 are 
real- valued (see Lemma [6.81 below) . For this reason, we denote by 5R(riK;,H) the 
subset oi S{flic,M) consisting of all continuous H-intrinsic slice functions on fix:- 

Given j G §, we say that / is a <Cj-slice function if .Fi and F2 are Cj-valued. We 
denote by 5cj(riK;,EI) the subset of 5(r2K:,IHI) consisting of all continuous C^-slice 
functions on Qjc- 

We underline that, in Definition 10 of [20 , H-intrinsic slice functions are called 
real slice functions. 

Evidently, ^^(riK.H) C S^in^^M) for every j e §. 
H-intrinsic slice functions have nice characterizations. 

Lemma 6.8. Given a slice function f = T{Fi + 1^2) '■ — ^ U, the following 
three conditions are equivalent: 

(i) / is W-intrinsic. 

(ii) Fi and F2 are real-valued. 

(hi) f{n^ n C,) C C, for every j G S. 

Proof. The equivalence of conditions (ii) and (iii) is proved in Proposition 10 of 
[20] . In this way, in order to complete the proof, it suffices to show that (i) is 
equivalent to (ii). Let F ~ Fi + iF2 be the stem function inducing /, let j G §, let 
q = a + j(3 E riic for some a, /3 G K and let z := a + i/S E JC. If (ii) holds, then we 
have: 

J{q) - Fi(z)+jF2(z) - Fi(z) - jF2iz) ^f{q). 
This proves implication (ii) (i). Assume now that / is H intrinsic. Let 

F°{z),F:^{z) G M, I G S and p e fix; such that ^2(2) = F^{z) + iF^z) and 
p = a + ip. Since 

Fi(z) - 2F2(z) = f{p) - 7b) = F^) - FU^t, 

we infer that 

Fi(z) - Fi{z) = iF2{z) - F2{z)i = -2Fi{z) E Im(H) n M {0}. 
It follows that Fi{z) E M, F^{z) = and hence ^2(2) G K as well. □ 
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Now we introduce the notion of circular slice function. 

Definition 6.9. A slice function +1^2) on fljc is called circular slice function 
if F2 vanishes on the whole JC. We denote by Sd^K.,^) the subset of 5(J7/c,H) 
consisting of all continuous circular slice functions on 

Lemma 6.10. Given a slice function f : rijc — > H, the following two conditions 
are equivalent: 

(i) f is a circular slice function. 

(ii) f{q) = f{q) for every q £ ^lic- 

Proof. The implication (i) (ii) is evident. Let Fi + iF2 : /C — > H be the stem 
function inducing /. Suppose that (ii) holds. Then, for every a, /3 e M and i € S 
with q :— a + i/3 (li Qjc, we have that 

Fiia.p) - iF2(a,/3) = /(g) = f{q) = F^a, (3) + iF^ia, 

or, equivalently, 1^2(0^, /3) = 0. It follows immediately that F2 is null and hence 

fes,{n^,w). □ 

Given a basis of H, the functions in 5(fiK:,]HI), and hence in 5cj(i1j<:, H) and in 
5c(f^A:, H), can be expressed in terms of functions in iSR(f2/c,H) as follows. 

Lemma 6.11. Let k,(5} he a basis o/H. Then the map 

(Sminjc, H))' 3 (/o, /i, /2, /s) ^ /o + fi.] + + fsS G s{n^,m) 

is bijective. In particular, it follows that, given any f G S{nic,W), there exist, and 
are unique, /o,/i,/2,/3 G 5e(17k:,H) such that 

(6.4) f = fo + fi.] + /2« + fsS. 

Moreover, it holds: 

(a) If J £ §>, then f belongs to (i^K, H) if md only if f2 = /s = 0. 

(b) / belongs to Sc{^Ikt^) if o-iT-d only if fo, fi, f2 and /a are real-valued. 

Proof. Let {fi — I{F( + i-F'2)}£=o H-intrinsic slice functions in 5R(f2j(c,H) and 
let / : rtic — > H be the continuous slice function f := fo + fij + /2K + fsS. Define 
the function F : K. — > He by setting 

F := {F^ + Fh + F^K + F^S) + i{F^ + F^j + Fin + F|<5). 

It is immediate to verify that F is the (unique) stem function inducing the slice 
function /o + /iJ + /2«; + /3^ = /• Thanks to the uniqueness of F, it follows that the 
map mentioned in the statement is injective. Let us prove that it is also surjective. 
Let g he a slice function in 5(17^:: IK) induced by the stem function G = Gi + 16*2 
and let {G{, G2}f^Q be the real-valued continuous functions on JC such that 

Gm^Gl^ + Gl^j + Gl^K + Gl^S if me {1,2}. 

Define the stem functions {G^j^^g '^^ ^ ^^"^ ^he H-intrinsic slice functions {gi}i^Q 
in 5r(^]k:,H) by setting G"^ := G^ + iG^ and ge Z(G^). Since X(G^j) = gu, 
I{G'^k) = g2K, I{G^6) = 53<5 and G = G° + G^j + G^k + G^8, we infer that 
9 = 9o + 9iJ + 92K + gsS, which proves the desired surjectivity. 

Point (a) and the fact that /o, /i, /2 and /a are real-valued when / e Sd^fc,^) 
are easy consequences of the above argument. Finally, suppose that fo, /i, /2 and 
/a are real-valued. By Lemma \6l8\ we know that fe{q) = fe{q) for every q G Ujc 
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and £ G {0, 1, 2, 3}. It follows that f{q) = /(q) for every q e flic- Now Lemma [QUI 
ensures that / e 5c(ilK;jIK). □ 

Remark 6.12. The reader observes that, if f,g £ Sm{^]c,^), then f ■ g ^ g ■ f E 
5r(17k,H). Indeed, if / is induced by = Fi + iF2 and g by G = d + iGz with 
Fi, F2,Gi,G2 real-valued, then formula (j6.3p ensures that also the components of 
FG are real-valued and FG = GF. It is worth observing that, in this case, / • g 
coincides with the pointwise product fg (see Remark 7 of [5D] for details). 

By similar considerations, we see that, if /, 5 € iSc(n^c, H), then f-g& Sd^ic,^) 
and f ■ g = fg- However, in general, f ■ g is different from g ■ f. 

Finally, if /, g € S^i^^, H), then f-ge 5c, (^i^, H) and / • 5 = 5 • /. The first 
assertion follows again from formula (j6.3l) . The second is an immediate consequence 
of the representation formula for slice functions and of the fact that / • g and g ■ f 
coincide on ft/c n Cj (see Remark l6.4f 1)). Moreover, it is immediate to verify that 
/ • g coincides with fg on fl/c H Cj, but they can be different outside C-j. 

6.2. A quaternionic two-sided Banach unital C*-algebra structure on He- 

Let us introduce a structure of quaternionic two-sided Banach unital G*-algebra 
on He (see Section for the definition). We need that structure later on. 

Identify H with the subset {q+ip € He | p = 0} of He and define the quaternionic 
left and right multiplications (q, w) t-^ qw and (w, q) i— > wq on He via formula (j6.1l) . 
It is immediate to verify that the set He, equipped with the usual sum, with these 
left and right scalar multiplications and with product (16. ip . is a quaternionic two- 
sided algebra with unity 1. Define an involution w t-^ w* on He by setting 

(6.5) w*:—q~ip if w = q + ip. 
Observe that, given w — q + ip and y = q' + ip' in He, it holds: 

(wy)* = {qq' - pp') - i {qp' + pq') = 

(6.6) = {q'q — p'p) — i{p'q + q'p) ~ y*w* . 

It follows that the involution w t-^ w* is a, *-involution on He and hence, equipping 
He with such a *-involution, we obtain a quaternionic two-sided unital *-algebra. 
Consider the function || • ■ He — > defined by setting 

(6.7) \\w\\M^:^{\q\^ + \p{' + 2\lm{pq)\Y^^ ii w ^ q + ip. 

It is worth observing that |ju'*||Hc = II'^^IIhc, since |Im(— pg)! = |Im(p5)|, and 

(6.8) i\q\^ + \p\y/^ <\\w\W<\q\ + \p\ ifw = q + tp. 

Proposition 6.13. The following assertions hold. 

(a) Given w = q + ip G He, we have that HwUhc = sup^gg + Moreover, if 
Im(pg) = i/3 for some i G S and /? > 0, then \\w\\mc = \q ^ 

(b) The function || ■ |jiic a quaternionic Banach C* -norm on He- In this way, 
the set He, equipped with the usual sum, with the product defined in 16.1]) . 
with the quaternionic left and right scalar multiplications induced by such 
a product, with the * -involution defined in k6. 5\) and with the norm defined 
in \6. 7[ ), is a quaternionic two-sided Banach C* -algebra with unity 1. 

Proof, (a) Let : He — > IR.+ be the function defined by setting (l){w) :— \\w\\^. 
Fix w — q + ip G He- We must prove that <j){w) = sup^gg \q + jpp. If g = 0, then 
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this is evident. Suppose that q ^ 0. Let a, /3 G M and t E S such that /3 > Q and 
pq = a + Observe that 4>{w) = \q — ip\^ ■ Indeed, /3 = |Im(pg)| and it holds: 

\q - ip\' = \q\-^ \{q - ip)q\' = \q\-' {{\q\' + + a^) = 

- \q\-' {\q\* + kPbP + 2/?|gp) = \q\^ + \p\' + 2(3 = c({w). 

Moreover, for every j e §, we have: 

\q + jpf - kl' + \pf + 2 Reijpq) = \q\^ + \p\^ + 2 Re(j(a + z/3)) = 

= \q\^ + \p\^ + 2 Re(jz)/3 < \q\^ + \p\^ + 2(3 = c^{w). 

It follows that 4i{w) = supjgg \q + jp\^ = \q — as desired. 

(b) Firstly, observe that formula (|6.7I) implies at once that ||w||hc = if and 
only if w = 0. The triangular inequality for || • ||hc is an immediate consequence of 
point (a). It is evident that ||1||hc = 1- It is also easy to see that ||w*w||hc = II'^^IIhc- 
Indeed, we have that ww* = \q\^ + \p\^ — 2ilm(pg) and hence (a) ensures that 

||wu;*||hc = sup^gg + |p|2 + 2jlm(pg)| = 

= |gp + bP + 2|Im(pg)| = ||7i;||2^, 

and therefore also ||u'*w||h(; = IIw^Uhp- 
Choose g' G H. It hold: 

<i>{wci) = kgf + ImT + 2|Im(M'?9)| = 

= \q?W? + bPlgf + 2|Im(pg)| |gf = 0H|gf 

and 

= k'gp + + 2|Im(g'p9?)l = 

^kfkP + lgf W' + 2|g'Im(pgV| = 

- W?\q? + WW + 2kf |Im(pg)| = Wf<t>(w). 

This proves that Ijwg'ljHc = k'HI^^IlHc = Ik'^^llnc- In particular, it follows that 
II • II He is a norm on He ~ x in the usual sense, and hence it is equivalent to 
the euclidean one. This ensures that the metric on He induced by such a norm is 
complete. 

Let p' g H and XcX, y := q! + ip' . In order to complete the proof, it remains to 
show that ||wy||Hc < l|w'l|Hcl|y||Hc or, equivalently, 4>{wy) < Rearing in 

mind that (j){w) = \q\'^ + |pp + 2\lm{pq)\, 4){y) = \q'\'^ + \p'\'^ + 2|Im(p'9')l and 

(t){wy) = (f){{qq' - pp') + i{qp' + pq')) = 

= \qq' - pp'\^ + \qp' + pq'\^ + 2\lm{{qp' + pq')(^q -]7p))\, 
an explicit computation gives that 

4>{w)4>{y) - ((>{wy) = 2{a - b) + 4|Im(p5)Im(p' g')| - ARe{qlxn{p Y)p) , 

where 

a := \q\^\luv{p'^)\ + \p\^\lm{p'^)\ + kf |Im(pg)| + |pf |Im(pg)|, 
b := \qlTa{p' q')q + plu\{p' q')p + k'plm(pg) + |p'plm(pg)| 
The triangular inequality implies that b < a and hence 

4>{w)((){y) — 4>{wy) > 4|Im(pg)Im(p' g')| — 4Re(gIm(p'gf')p). 



56 



RICCARDO GHILONI, VALTER MORETTI, AND ALESSANDRO PEROTTI 



Let i' e S and r e R such that lm{p' q') ~ I'r. Choose f £ S m such a way that 
, f is an orthonormal basis of H. Write pq ^ xq + i'xi + j'x2 + I'j'x^, 
where xq, xi, X2, G K. By a direct computation, we obtain: 



6.3. C*-algebra structures on slice functions. The aim of this section is to 
define a structure of quaternionic two-sided Banach unital C*-algebra on S{flK:, H). 
As a consequence, iSc(Ojc,EI) will turn out to be a quaternionic two-sided Banach 
unital C*-subalgebra of 5(riK;, H). Furthermore, restricting the scalars to M and to 
a fixed Cj, iSR(riK;,H) will be a commutative real Banach unital C*-subalgebra of 
5(riK:,EI) and Sc^i^K-,^) will be a commutative Cj-Banach unital C*-subalgebra 
of 5 (SI a:, H). We refer again the reader to Section [5^ for the definitions of this kind 
of algebraic structures. 

Let / = I{F) and g = I{G) be slice functions in 5(51^,11). The usual pointwise 
sum / + .9 of / and g defines an element in iS(Slj<;, H), because F + G is continuous 
and f + g = I[F) +I{G) = I{F + G). Equip 5(r2j<;,H) with the slice product. 
As observed in Remark I6.12[ the slice product of functions in iSR(riK;, U) is again 
a function in iSR(r2A:, H) and coincides with the pointwise product. The same is 
true for Sc{^Ki^)- The slice product defines an operation on 5c (S^KiH) as well. 
Furthermore, the slice product on iSR(f2j(c, H) and on iSc^ (S^Ki EI) is commutative. 

Let us define quaternionic left and right scalar multiplications {q, f) ^ q ■ f and 
(/I'Z) ^ / ■ 9 on 5(S1k:: U)- Given g £ H, denote by Cq : flic — > H the function 
constantly equal to q. Such a function belongs to ^(SIacH). Indeed, it is the slice 
function induced by the stem function on JC constantly equal to q. For convenience, 
denote ci also by the symbol lo^. Define: 



where Cq ■ f and / • Cq are slice products. It is easy to see that / • q coincides with the 
pointwise scalar multiplication fq for every q gM.. If g e M or / € Sd^ic, H), then 
also q ■ f is equal to the pointwise scalar multiplication qf. Otherwise, qf is not, 
in general, a slice function and hence is different from q ■ f. It is immediate to see 
that the set S{flic-, H), equipped with the pointwise sum and with the left and right 
scalar multiplications (|6.9I) is a quaternionic two-sided algebra with unity In^ . 

Let us introduce an involution />—>■/* on ^(n^CjIHI). Fix a stem function F — 
Fi + iF2 on K and define / :— T{F). Denote by F* : /C — > He the stem function 
sending z into where {F{z))* is defined as in (|6.5p . More explicitly, we 

have that F* — Fi — iF2, where Fh : K. — > H is defined by setting Fh{z) :— Fh{z) 
with /i e {1,2}. Define: 



\lm.(pq)lTa{p' q')\^ — (Re(5lm(p'q')p))^ 
= r2 {{xl +xl+ xl) - xl) > 0. 
It follows that (j>{w)(j){y) — <p{wy) > 0. 



r^{\lm{pq)\^~Re{t'pqf) 



□ 



(6.9) 



q- f -^Cq- f and f ■ q:= f -c, 
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Since it is evident that {f + g)* = f* + g*, the involution defined in ()6.10p is a 
*-involution of S{i}Ki H). 

The reader observes that, if / € 5ffi(riK;, EI) or / G Sd^jcV.), then /* € 
iSM(riK;, H) or /* € Sd^ic,^), respectively. Moreover, in these cases, we have 
that /* — /, where / : fijij; — > H denotes the conjugated function sending q into 
J{qj. If / e 5c, i^K, EI), then F\ and are Cj-valued and hence /* e 5c, (^^k;, H). 

Consider now the supremum norm || • ||oo : ^(ri^CiEI) — >■ R+ defined by setting 

(6.11) ll/lloo sup \f{q)\. 

Thanks to point (a) of Proposition [^T51 we infer that 

(6.12) ll/lloo = sup ||F(z)||h,. 

The norm || • ||oo is a quaternionic Banach C*-norm on 5(f2A:,IHI). To see this, we 
must prove that the set S{il)c, H), equipped with the distance induced by the norm 
II • ||oo, is a complete metric space. Let {/„ — 2{Fn)}n£N be a Cauchy sequence 
in 5(51^;, H). Thanks to (I6.12[) . we have that {FnjneN is a Cauchy sequence in 
^(/C,Hc), where He is equipped with the norm || • ||ec and 'tf{IC,Mc) with the 
corresponding supremum norm. Since 'tf{JC,Mc) is a (real) Banach space, {i^„}„gN 
converges to some continuous stem function F on IC. Using (j6.12l) again, we infer 
that {/n}ra6N " ^ ^{P) in 5(r2)ic,EI). This shows the completeness of 5(r2j(c, H). 
The above discussion proves the following basic result. 

Theorem 6.14. The following assertions hold: 

(a) The set S(flic,M), equipped with the pointwise sum, with the left and right 
scalar multiplications defined in i6.9\) . with the slice product, with the *- 
involution defined in i6.10\) and with the supremum norm defined in \6.11]) . 
is a quaternionic two-sided Banach C* -algebra with unity In,^. 

(b) The set Sk{^Ik.,^) is a commutative real Banach unital C* -subalgebra of 

(c) Given j G §, the set iScj(i^j<;,H) is a commutative Cj-Banach unital C* - 
subalgebra of S{VL]c,M). 

(d) The set Sc{^K,^) is a quaternionic two-sided Banach unital C* -subalgebra 
o/5(nK,H). 

Remark 6.15. Thanks to point (a) of Proposition 16.151 it is immediate to verify 
that ll/lloo = sup^gn^nc, 1/(9)1 for every / e 5c,(r2K,H). 

6.4. H-intrinsic polynomial density. Recall that M[X, F] denotes the ring of 
real polynomials in the indeterminates X and Y, with coefficients on the right. 
Let us introduce a particular class of H-intrinsic slice functions (see Definition 

Definition 6.16. Let g : il/c — !• H be a slice function induced by the stem function 
G = Gi+ iG2 ■ IC — > He. We say that 5 is a polynomial M-intrinsic slice function 
on flic if there exist polynomials Qi and Q2 in M.[X, Y] such that Gi{z) = Qi{a, /?) 
and 6*2(2:) — Q2{oi,(3) for every z — a + il3 £ K.. We denote by VSr{V,ic,M) the 
subset of 5R(r2K;,EI) consisting of all polynomial H-intrinsic slice functions on il/c- 

Remark 6.17. (1) In the preceding definition, it is always possible to assume that Qi 
is even in Y and Q2 in odd in Y; that is, Qi{X, -Y) = Qi{X, Y) and Q2{X, -Y) = 
-Q2iX,Y) inR[X,Y]. 



58 



RICCARDO GHILONI, VALTER MORETTI, AND ALESSANDRO PEROTTI 



(2) Bearing in mind points (1) and (3) of Remark 16.41 one can easily prove 
that, if there exists a polynomial P E M.[X] such that g{q) = P{q) on flic, then 
g G 7'5i{(17)(c, H). However, in general, there exist functions in VSMi^K,^), which 
cannot be expressed in this way. If IC has an interior point in C, an example is 
given by the polynomial H-intrinsic slice functions sending q e fix: into g G H. 

(3) It is easy to verify that 'PS]Si{ilK:,S) is a commutative real Banach unital 
C*-subalgebra of 5r(17k:, H). 

We now prove a version of the Weierstrass approximation theorem for functions 
in5M(r!^,H). 

Proposition 6.18. If IC is a non-empty compact subset of C invariant under 
complex conjugation, then VSR{fl]c,^) is dense in 5R(riyc, H). 

Proof. Let / e 5R(riK;7l3) induced by the stem function F — Fi + iF2 and let e 
be a positive real number. By the Weierstrass approximation theorem, there exist 
polynomials Pi, P2 G M.[X, Y] such that 

sup |Pi(a + z/3)-Pi(a,/3)| < £ 

a+il3eK ^ 



and 



sup \F2ia + il3)-P2ia,P)\<-. 



Define Qi, Q2 e R[X, Y] by setting 



QiiX,Y) := 



PAX,Y) + P,{X,-Y) 



and 



2{X,Y) 



P2{X,Y)-P2{X.-Y) 



Evidently, Qi is even in Y and Q2 is odd in Y . Moreover, given any z = a + i(3 G IC, 
it holds: 

Pi(z) + Pi(z) Pi(a,/3)+Pi(a,-/3) 



|Pi(z)-Qi(a,/3)| = 



2 2 

Pi(z)-Pi(a,/3) , Pi(z)-Pi(a,-/?) 



< 



< 



Pi(z)-Pi(a,/3) 



Pi(2)-Pi(a, 



< 



e e e 
<4 + 4 = 2- 

Similarly, we have that \F2{z) — Q2{a, /3)\ < e/2. Denote by g the function in 
VSisii^iCT^) induced by the stem function G = Gi + iG2 on IC defined by setting 

Gi(z) :=Qi(a,/3) and G2(z) := Q2(a, /?) if z = a + i/3 G /C. 

Thanks to equality (|6.12l) and to the second inequality of (16.81) . we obtain: 

||/-5l|oo = SUp||P(z)-G(z)||He< 

zeK 

< sup(|Pi(z) - Gi(z)| + \F2{z) - G2(z)|) < I + I = £. 



The proof is complete. 



□ 
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7. Continuous slice functional calculus for normal operators 

Throughout this final part, H will denote a fixed quaternionic Hilbert space and T 
will be a fixed normal operator in S(H). We remind the reader that *B(H) indicates 
the set of all (bounded right Et-linear) operators of H. 

7.1. Polynomial H-intrinsic slice functions of a normal operator T. Define 
the self-adjoint operator A e S(H) and the positive operator B E S(H) by setting 

A:={T + T*)^ and B:=\T~T*\^. 

Theorem 15.91 ensures the existence of an anti self-adjoint and unitary operator 
J e »(H) such that 

T = A + JB, 

A, B and J commute mutually, 

(7.1) J is uniquely determined by T on Ker{T - T*)^. 

The reader observes that T* = A- JB and hence B = -J{T - T*)\. 
Denote by K, the non-empty compact subset of C, invariant under complex 
conjugation, such that 

17k - as (T). 

Definition 7.1. Let g e VSm.{<js{T),M) be a polynomial H-intrinsic slice function 
on (Js{T) and let G : /C — > He be the stem function inducing g. Choose poly- 
nomials Qi,Q2 G ]R[X, y] such that G{a + i(3) = Qi{a,f3) + iQ2{ct,l3) for every 
a + i(3 £ IC. We define the operator g{T) G 23(H) by setting 

(7.2) 5(T) :=Qi(A,B) + JQ2(A,B). 

The definition of g{T) just given is consistent as we see in the next result. 

Lemma 7.2. The definition of g{T) given in |y.i?| ) depends only on g and T, not 

on the operator J and on the polynomials Qi and Q2 we chose. 

Proof. By Corollarv l5.121 the operators Qi{A,B) and Q2{A,B) depend only on g 
and T. It follows that the operator Qi{A,B) + JQ2{A,B) depends only on g, T 
and J. Let us prove that it is independent from J. By Remark I6.17f l). we may 
suppose that Q2 is odd in Y. In this way, we have that Q2{A,B) = CB for some 
C e *8(H) and hence 

Ker{T - T*) = Ker{B) C Ker{Q2{A.B)). 

It follows that the operator JQ2{A,B) vanishes on Ker{T — T*) and hence it is 
uniquely determined by T on Ker{T — T*). On the other hand, by (|7.1I) . the 
operator JQ2{A,B) = Q2{A,B)J is uniquely determined by T on Ker{T - T*)^ 
as well. This completes the proof. □ 

Proposition 7.3. For every g e VSR{as{T),M.), g{T) is a normal operator in 
*8(H), which commutes with J and satisfies the following equalities: 

(7.3) Il5(r)|| = ||5lloo 
and 

(7.4) as{g{T))^g{as{T)). 
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Proof. We begin as in the proof of Corollarv l5.12l Since A* — A, B* = B, J* = — J 
and A, B and J commute mutually, it is immediate to verify that g(T) is a normal 
operator in ?B(H) and J commutes with Qi{A, B), Q2{A, B) and hence with g{T). 

Fix I £ S and identify C with Cj via the real isomorphism a + i(3 i— > a + 1/3. 
Apply the spectral radius formula (see (14.31) ) and Proposition 15 . lif e) to g{T). We 
obtain that 

(7.5) ||5(T)|| -sup{|g|eM+|gea(g(r)|H.O}> 

where f;(T)||_|jj denotes the operator in Q3(H:[*) obtained restricting g{T) to H;;^*. 
Thanks to Proposition [5lTl we know that A{Hl') C and B(H:[*) C Hi'. 
Denote by A\y^.i, and B\y^.ji the operators in *B(H:[*) obtained restricting A and B 
to Hi', respectively. Bearing in mind that A = (T + T*)i, S = -J{T - T*)i and 
Ju = m for every u e H'l', we infer that A\y^J^ = (T|h./- + (T|h./0*)5; ^Ih 

(r|H..-(r|H.0*)57 and 

(7.6) g{T)\„.r.=Q,{A\„.j.,B\y,.r.)+Q2{A\„.n,B\„.n)l. 

Let G be the stem function on JC inducing g and let Qi, Q2 G R[X, Y] be poly- 
nomials such that G{a + i/3) = Qi{a, (3) + iQ2[a, P) for every a + i/3 G /C. Consider 
G as a continuous function from /C C Cj to Cj by setting G{a + if3) = g{a + = 
Qi{a) + Q2{a,f3)i. Combining (|7.6p with the continuous functional calculus the- 
orem for complex normal operators (see [RudinARC,Analysisnow,Moretti), we see 
at once that g{T)\y^j^L — G(T|hj.) and 

(7.7) a(g(r)|H.O=G(a(r|H.O)- 

Thanks (|7.5p . (|7.7p and Proposition 15 . 1 If c) . we infer that 
||g(r)|| = sup {|G(a + */3)| G IR+ | a + e fT(T|H^.) } = 

= sup{(|Qi(a,/3)|2 + |Q2(a,/3)P)'^' eM+l a + z/3 G (Ts(r) n C,} = 

= sup{|.g(g)|eM+|geas(r)} = ||g||oo. 

Using (|7.7p and Proposition 15. lif e) again, together with Lemma [6.8f ii) and with 
the fact that G is the stem function inducing g, we obtain: 



asig{T)) n C, = aigiT)\^.^.) U aigiT)\^.^.) ^ G{aiT\^..)) U Gia{T\^.u)) = 

= G(a(T|H|0) U G(a(T|H.O) = G [a{T\^.^,) U aiT\^.^.)) = 

= giasiT)nC,)=gias{T))nC,. 

Since as{g{T)) and g{as{T)) are both circular subsets of H, it follows that they 
are equal. □ 

7.2. Continuous H-intrinsic slice functions of a normal operator T. In this 
section, we assume that the set S^{as{T),M) is equipped with the commutative real 
Banach unital G* -algebra structure given in Theorem \ 6. 14^ b). 

Furthermore, we consider *B(H) as a real Banach G* -algebra with unity I; that 
is, *B(H) is equipped with the pointwise sum, with the real scalar multiplication 
defined in p.Sp . with the composition as product, with the adjunction T T* as 
* -involution and with the norm defined in (12.611. 
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Theorem 7.4. There exists, and is unique, a continuous * -homomorphism 

*K,T : S^{as{T),n) 3 f{T) G <B(H) 
of real Banach unital C* -algebras such that: 

(i) ^'r^t is unity-preserving; that is, 5'R,T(lcrs(T)) = I- 

(ii) ^'r^t(*c?) = T , where id : crs(T) ^ H denotes the inclusion map. 
The following further facts hold true. 

(a) // / G 5r((T5(T), H) and J G *8(H) is an anti self-adjoint and unitary 
operator satisfying \5.11^ and ^5.18]) . then 5'r.t(/) is normal and commutes 
with J. 

(b) *R,T is isometric; that is, ||/(T)|| = ||/||oo for every f G 5R(cr5(T), H). 

(c) For every f G iSr((T5(T), H), the following continuous H-intrinsic slice spec- 
tral map property holds: 

TsifiT)) = f{as{T)). 

Proof. Uniqueness of ^r,t is simply proved. Suppose that vPr^t exists. If ^ : 
'5R((T5(r), H) — > Q3(H) is another continuous * -homomorphism satisfying (i) and 
(ii), then it coincides with ^r^t on VSR{as{T),M). On the other hand, thanks to 
Proposition 16.181 the set VSs,{as{T),M) is dense in iSR(CTs(r),H) and hence, by 
continuity, and 4'r,t coincide everywhere on iSr((ts(T')) H). 

Let us pass to prove the existence of ^'r,t- First, define the map 

V'R,T:P5R(as(r),H)^»(H) 

by setting 5'r,t(5) ■— 9{T) as in Definition 17.11 It is immediate to verify that 
il)-R^T is a unity-preserving * -homomorphism of real Banach unital *-algebras send- 
ing id into T. Moreover, thanks to Proposition 17. 3[ V'R.t satisfies conditions 
(a), (b) and (c) with "*r,t" and "/ G 5R(as(T),R)" replaced by "V-r.t" and 
"5 G 7'5r(cts(T),R)", respectively. In particular, Vr.t is isometric and hence, 
thanks to the density of 7^5r((ts(7'), in 5R(tTs(T), H), it admits a unique exten- 
sion ^I'r^t defined on the whole 5R(crs(T, H)). Evidently, by continuity, ^'r^t is a 
* -homomorphism of real Banach unital C*-algebras, satisfying (a) and (b). 

Let us show that \1/r,t verifies (c). Fix / G 5r((ts(T), H). First, we prove that 
f{(Js{T)) C as{f{T)). Choose g G as{T) and a sequence {5„}„gN in P5R(as(T),H) 
converging to /. Observe that {c/„(g)}„eN ^ f{q) in H, {gn{T)}n&i -> f{T) in 
Q3(H) and hence {Ag^(^)(g„(r))}„gN Af(^g){f{T)) in *B(H). Recall that the set 
^ of operators in 03 (H), which do not admit a two-sided inverse in Q3(H), is closed 
in 58(H) (see Proposition 12 . 1 If c) ) . By (|7.4p . each operator Ag^(^)(g„(T)) belongs 
to y. It follows that A/(,)(/(T)) G .Y or, equivalently, f{q) €as{f {T)). 

It remains to prove that as{f{T)) C f{as{T)). Let p ^ f{as{T)). We must 
show that p ^ as{f{T)); that is, Ap(/(T)) has a two-sided inverse in *8(H). Let 
Ap : IH — > H be the polynomial real function sending q into — q{p +p) + 
The continuous H-intrinsic slice function / on (Js{T) and Ap can be composed, and 
the composition is still a continuous H-intrinsic slice function Ap/ : as{T) — > H. 
Indeed, if F is the stem function inducing /, then Ap/ is induced by the stem 
function ApF := — F{p + p) + The function Ap/ is nowhere zero. Let us 
prove this assertion. On the contrary, suppose that there exists y G crsiT) such 
that Ap/(y) = 0. This is equivalent to say that f{y) G Sp. Since / is a H-intrinsic 
slice function, it would follow that /(Sj,) = Sp and hence, it being §y C as{T), 
we would infer that p G f{as(T)), which contradicts our hypothesis. Thanks to 
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the fact that Apf is nowhere zero, we can define the function /' : us{T) — > H 
by setting f'{q) := (Aj,/(q))^^. It is immediate to verify that /' is a continuous 
H-intrinsic slice function, the one induced by the stem function sending z into the 
inverse of /S.pF{z) in He- Since ^I/r^t is a unity-preserving homomorphism, we infer 
that 

(7.8) A,(/(r))/'(r) - \f{T)f\T) - I - f'(T)Apf{T) = /'(r)Ap(/(r)). 
This means that Ap(/(T)) has a two-sided inverse in Q3(H), as desired. □ 

We conclude this section with two corollaries we will use later. 

Corollary 7.5. Let H be a quaternionic Hilbert space, /et T € Q3(H) be a normal 
operator, let J € ^{H) be an anti self-adjoint and unitary operator satisfying JJ.jTp 
and H5.18\) . /et i G S and let f € iSr((T5(T), H). Denote by /|c, : ^{Tln-n) — !• Cj 
the continuous function obtained restricting f. Then the restriction ^r^j-(/)|^.7,i of 

^e,t(/) to H"^^ defines an operator in *B(H!['*) and it holds: 

*e,t(/)Ih^.' -/Ic,(T|h|0, 

where /|cj(^Ih'^) indicates the operator in ^B(H^-') defined in the framework of 
standard continuous functional calculus in Cj -Hilbert spaces. 

Proof. The fact that 4'r,t(/)Ih-'' ^ well-defined operator in *8(H;['') follows im- 
mediately from Theorem 17. 4r a') and Proposition lS.llI By Corollary 15. 131 we know 
that a{T\H.n) = CTs(T) n C+. Let w € '^(crs(T) n C+,C,). Lemma EH and the 
representation formula for slice functions (see Remark 16.4^ 1)) imply the existence 
and the unicity of a function W € 5R(cr5(T), H) such that W^lcrs(T)nC+ ~ 
ing again Theorem I7.4f a). we infer that the operator ^'r.t(W^) € *B(H) is normal 
and J commutes both with \E'R,r(W^) and *r,t(VF)* = ^m.TiW*). In this way, 
Proposition lS.llI and Theorem 17.41 ensures that the map 

'^{asiT) n C+,CO 3w<^ ^'r,t(W^)|h- € ©(H^) 

is a Cj-complex *-homomorphism, sending ^^^(x)nC''' ^-'^^'^ identity operator on 
H"^ and the inclusion map crs{T) H C+ ^ Cj into T\y^.ji. By the uniqueness of 
the continuous functional calculus * -homomorphism in Ci-Hilbert spaces, it holds: 
^m.T{W)\H.^, = w(r|H^O for every w € '^(crs(r) n C+,CO, as desired. □ 

Corollary 7.6. Let J e *B(H) be an anti self-adjoint and unitary operator sati- 
sfying ( [<5.i7p and i5.18\) . and let K € Q3(H) be another anti self-adjoint and unitary 
operator such that JK = —KJ and K commutes both with A = {T -\- T*)^ and 
with B = \T - T*|i. Choose f € Svi{as{T),M) and define f{T) ^'r,t(/) and 
f*{T) *r,t(/*). Then it holds: 

(7.9) f{T)J^Jf{T), 

(7.10) f{T)K^Kf*{T). 

Proof First, suppose that / = I{Fi+iF2) £ VSR{crs{T),m). Let Qi, G R[X, Y] 
such that Fm{a,(3) = Qm{a,f5) for every m € {1,2} and (a,/3) G /C, where K, is 
the subset of C, invariant under complex conjugation, such that ^Ijc = as{T). By 
Definition O and Lemma[L2l we have that /(T) = Qi{A, B) + JQ2{A, B). Since 
J and K commute both with A and with i?, and JK ~ —KJ , equalities (|7.9p and 
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()7.10|) are evident. Now the corollary follows immediately from Proposition 16.181 
and from the continuity of ^Pr^t (see Theorem 17. 4p . □ 

Remark 7.7. When T e *B(H) is self-adjoint, an easy inspection shows that the 
functions of the operator T defined in Theorem 15.51 coincide with those defined in 
Theorems 17.41 

7.3. Continuous Cj -slice functions of a normal operator T. We can pass to 
discuss the analogue for continuous Cj-slice functions of what done for continuous 
H-intrinsic slice functions. 

Fix J € § and equip 5cj(crs(r),H) with the structure of commutative (two-sided) 
Cj-Banach unital C* -algebra given in Theorem \6.14\ (c). 

Recall that, given q E Cj and / e ScJcrs{T),S), the left and right scalar 
multiplications q ■ f and / • g in Series {T),M) are defined as the slice products 
q ■ f := Cq ■ f and f ■ q :— f ■ Cq, where Cq denotes the slice function on crsiT) 
constantly equal to q. We know that q ■ f and / • q are equal and coincide with 
the pointwise scalar product fq. In this way, taking into account only the right 
scalar multiplication (/, q) i— ?■ / • g, we can consider Sc^{as{T),W) as a standard 
commutative Cj-Banach unital C*-algebra. 

Fix an anti self-adjoint and unitary operator J G 03 (H) satisfying JJ.jTp and 
115.18]) . We remind the reader that condition (|5.17p requires that J commute with 
T and T*, and condition (|5.18|) imposes that T decomposes as follows: T = A + JB, 
where A (T + T*)^ and B := \T-T*\^. 

Fix a left scalar multiplication M. 3 q i-^ Lg oi H such that Lj — J. Such 
a left scalar multiplication of H exists by Proposition I3.8f a) and makes S(H) a 
quaternionic two-sided Banach unital C*-algebra, via Theorem 13.41 Restricting 
the scalars from H to Cj, one defines on 58(H) a structure of two-sided C^-Banach 
unital C*-algebra. It is important to observe that such a structure on 5B(H) depends 
only on real scalar multiplication (|2.8|) and on J, and not on the fixed left scalar 
multiplication H 3 q >->• of H. Indeed, if q = a + j/3 S Cj with a, /? € K, then it 
holds: 

qT = Ta + J{T(3) and Tq = Ta + {T(3)J. 

Since J commutes with T, then qT = Tq for every q € Cj and hence 03 (H) can 
be considered as a standard Cj-Banach unital C* -algebra by taking into account 
only the right scalar multiplication (T, a + j/3) i-> Ta + {T/3)J. 

We assume that 03(H) is equipped with that structure of <C-j- Banach unital C* - 
algebra. 

We are now in a position to present our next result. 
Theorem 7.8. There exists, and is unique, a continuous * -homomorphism 

*C,.T : ScMsiT).^) 9 / ^ f{T) e 03(H) 
of C-j-Banach unital C* -algebras such that: 

(i) ^'Cj.T 'is unity-preserving; that is, ^'e,t(1cts(T)) = I- 

(ii) ^Cj.t(«'^) = T, where id : (Js{T) ^ H denotes the inclusion map. 

The following further facts hold true. 

(a) ^Cj.T extends in the following sense. Let f e iSc^ (<T5 (T) , H) and let 

fo and fi be the unique functions in iSr (as (T) , H) such that f — fo + fij 



64 RICCARDO GHILONI, VALTER MORETTI, AND ALESSANDRO PEROTTI 

(see Lemma \6.11\) . Then it holds: 

(7.11) *c„t(/) = ^-r.tI/o) + *r,t(/i) J- 

(b) For every f G Scj{(Ts(T),M), 5'Cj,t(/) is normal and commutes with J. 

(c) For every f G (crs(T), H), the following continuous Cj-slice spectral 
map property holds: 

(d) *Cj.T is norm decreasing; that is, ||/(r)|| < ||/||oo if f ^ Sc^icrs(T),M). 
More precisely, it holds: 

(7.12) ll/(r)|| = |l/|.,(T)nC|IU 

for every f E 5cj((Ts(T), H). 

(e) The kernel of^^Cj.T consists of all functions m iSc^ (cs (T) , H) vanishing on 
as{T)(^C^ . More precisely, a function f G jrer(^Cj.T) if and only if there 
exists g G '^S'{as{T) n C^, Cj) with g\as{T)rm. = such that 

f{a + il3) - \{l + i3)g{a-jP) 

for every a G M, /3 G and z G S with a + i/3 E crs{T). 

Proof. We begin proving the uniqueness of \I/Cj,t- Assume that vE'Cj,t exists. Since 
it is a Cj *-homomorphism satisfying (i) and (ii), if a function f = f^ -\- fij in 
Scj{o'siT),M.) is decomposed as in (a), then one has ^Cj.Tif) = '^Cj.rifo) + 
*c„t(/i) J and then, by Theorem Ol *c,,t(/o) = *ii,T(/o) and *c„t(/i) = 
^r,t(/i). It fohows that ^'c^.t is unique. 

Concerning the existence, we have now a natural way to define vE'Cj.t: 

*C,,t(/) := ^'r,t(/o) + *r,t(/i) J 

if / = /o + /ij e 5c,(as(T),H) with /o,/i G 5R(as(r),H). Evidently, *c„t sati- 
sfies (i), (n) and (a). Denote «'c„t(/) simply by /(T) for every / G 5c,((7s(T), H). 

Let us verify that 4'Cj,t is a Cj *-homomorphism. Fix two functions / — fo + fi] 
and g — go + gij in (erg (T) , H) decomposed as in (a). For simplicity, denote 
«'r,t(/o) by /o(r) and *r,t(/i) by /i(T). It holds: 

/ • 3 = /o.9o + /oSi:? + fi ■ J ■ 9o + fi ■ J ■ 9i ■ J = 
= /o.9o + /o.9i:? + /i5o:? + fi ■ J ■ J ■ 91 = 

(7.13) = (/o5o - figi) + {fogi + figoh 

and hence, bearing in mind that is a real *-homomorphism satisfying point 

(a) of Theorem 17.41 we have: 

(/ • 9)(.T) = /o(r)go(T) - /i(T)5i(T) + fo{T)g^{T)J + fi{T)go{T)J = 

= k{T)go{T) + fo{T)g,{T)J + f^{T)Jgo{T) + f^{T)Jg^{T)J = 
= {fo{T) + fi{T)J){go{T) + g,{T)J) = f{T)g{T). 

Let q = a + j/3 G Cj with a, /3 G M. Replacing 5 with Cq in (|7.13l) . we obtain that 
f-q = ifoa- fil3) + (/la + fol3)j. Since {fi{T)a)J = (/i(T) J)a and -/i(r)/3 = 
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{fi{T)J(3)J, we infer that 

(/ • q){T) = {MT)a - h{T)P) + + /o(T)/3) J = 

= (/o(T) + h{T)J)a + ((/o(T) + h{T)J)P)J = 

It remains to show that ,t preserves the * -involutions. Observe that /* — 
fo~J- fi = /o - /i*J- Since /o*(T) = /o(r)*, A*(T) = /i(T)* and J commutes 
with /r(r), wc have that -ft{T)J = {fi{T)jy and hence 

r (T) = /*(T) - f*{T)J = (/o(r) + /i(r) J)* = /(T)*. 

The operators /o(T), /o*(r), /i(T), /i*(T) and J commute mutually. This fact 
implies at once that f{T) is normal and commutes with J; that is, (b) is proved. 
Let us show (c). First, we need to show that 

(7.14) /(T)!^.. =/|c,(T|„..). 

By CorollarylLSl we have that fo{T)\„^^, = /o|c,(Th^.) and fi{T)\„.^, - h\c^{T^.^,), 

where /o|cj and /i|cj denote the operators in *8(H ;;[.-') defined in the (standard) 
functional calculus in Cj-Hilbert spaces. It holds: 

/(7^)Ih^ = ifoiT) + /i(r)J)|H|. = /o(T)|h.. + JIh^./iWIh^ = 

= /olc,(r|H..) + (/ilc,(r|H..))j = 

- (/olc, + (/ij)|cj (TIh..) = /|c,(T|h..), 

which proves (|7.14p . We are now in a position to prove (c). Apply Proposition 15 . 1 ll 
(c) to /(T). We obtain that 

(7.15) a5(/(T)) n C, = a(/(T)|^^..) U 

By combining (|7.14p . (|7.15p and Corollarv 15 . 1 31 with the continuous functional cal- 
culus theorem for Cj normal operators, we infer that 

asifiT)) n C, - a(/|c,(T|^^..))Ua(/|c,(r|^,..)) = 

= /lc,(^(r|H^.)) u 7k>(n<0) = 

= f{<7s{T) n C+) U /(as(T)nC+). 

This proves (c). 

Let us prove (d). Since /(T) is normal, we can apply the spectral radius formula 
(see dOJ) obtaining the equality |l/(r)|| = sup{|g| G M+ | g G asifiT))}. Piecing 
together the latter equality with (c) and with Remark 16.151 we infer at once (d) . 

Point (e) is an immediate consequence of (d) and of the representation formula 
for slice functions (see Remark l6.4r i)). □ 

Remark 7.9. Unless the case in which KeriT — T*) — {0}, the map 5'Cj,t depends 
on the choice of J. Indeed, J is uniquely determined by T on Ker{T — y*)^ (see 
Theorem l5.9p . but it can be chosen in many ways on KeriT— T*) (see Remark l5.10p . 
In this way, if Cj is the function on csiT) constantly equal to j, then ^Cj.t(cj) is 
equal to J and hence it is not uniquely determined by T on Ker{T — T*) ^ {0}. 
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7.4. Continuous slice functions of a normal operator T: the circular and 
general cases. Fix an anti self-adjoint and unitary operator J G *B(H) satisfying 
(5Al\ l and mM . 

Fix J, K e S with jK = —Kj and fix a left scalar multiplication M 3 q i-^ Lq of H 
such that Lj — J and, for every q (zM, LqA — ALq and LqB — BLq. The existence 
of such a left scalar multiplication of H is ensured by Theorem 15. 141 

Define K := L^,- By Proposition 13. 11 we infer that K is an anti-self adjoint and 
unitary operator in S(H) such that JK = —KJ . 

Finally, we equip 25 (H) with the structure of quaternionic two-sided Banach 
unital C* -algebra induced by the fixed left scalar multiplication M 3 q i-^ Lq of H, 
as described in Theorem \3.4\ 

7.4.1. The circular case. We now consider continuous circular slice functions, which, 
differently from the cases of continuous H-intrinsic slice and Cj-slice functions we 
treated above, concerns non- commutative structures. 

We assume that the set Sc{crs(T),M) is equipped with the quaternionic two-sided 
Banach unital C* -algebra structure given in Theorem \6.14^ d). 

Our next result is as follows. 

Theorem 7.10. There exists, and is unique, a continuous * -homomorphism 

^c,T ■■ 5,(as(T),H) 3f^ f{T) e ^(H) 
of quaternionic two-sided Banach unital C* -algebras such that: 

(i) ^c.T is unity-preserving; that is, 5'r_t(1o-s(t)) = I- 

(ii) ^'c.t(*'^) = T, where id : (7s{T) ^ H denotes the inclusion map. 
The following further facts hold true. 

(a) "^c.T extends ^r.t and ^'Cj,t in the following sense. Let f G Sc{os{T),^) 
and let /o, /i, /2, /s be the unique functions in S^{as(T),M) such that f — 
fo + fi.] + /2'« + /aj't (see Lemma \6.11\) . Then it holds: 

"^cxif) = 4'k,t(/o) + *R,t(/i) J + '^R.T{f2)K + *r,t(/3) J-R' = 
= *C„t(/o + .flj) + '^C,^T{f2 + fz])K. 

(b) For every f £ Sc{os{T),M), '^crif) is normal. 

(c) For every f £ 5c(cr5(r), H), the following continuous circular slice spectral 
map property holds: 

<js{f{T))cnf^.,^T))- 

(d) ^'c.T is norm decreasing; that is, ||/(r)|| < ||/||co if f & Sc{o's{T),M). 

Before presenting the proof of this result, we midcrline that point (d) of the 
preceding theorem can be improved as follows: 

(d') ^c.T ^s isometric; that is, \\f{T)\\ = ||/||oo if f E Sc{<Js{T),m). 

We will prove this stronger property of ^'c.t in the forthcoming paper [18 mak- 
ing use of a spectral representation theorem for normal operators on quaternionic 
Hilbert spaces. 

Proof of Theorem \7.10\ Let us prove that 5'c,t is unique. Suppose that ^'c,t exists. 
Let f — fo + fij + /2K + fsjK be a function in Sc{crs{T), H) decomposed as in (a). 
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Thanks to Thcorem l5.9l and to the fact that 5'c,t is a quaternionic *-homomorphism 
satisfymg (i) and (ii), we infer immediately the uniqueness of ^c,t- 
Let us pass to define 4'c,t assuming the truthfulness of (a): 

*c,t(/) /o(T) + /i(T) J + f2{T)K + h{T)JK 

\i f — fo + fij+ f2K+ fsjK is a function in SdcsiT), H) decomposed as in (a), where 
fe{T) := ^M^rife) for every £ e {0, 1,2,3}. It is evident that *c,t satisfies (i) and 
(ii). Let ^ € {0, 1,2,3}. By Lemma iHIl we have that belongs to 5R(as(r),H) 
and is real- valued. Thanks to the latter fact, we have that fl = ft = fi- Moreover, 
CoroUaryim ensures that ft{T)J = Jfi{T) and fi{T)K = Kft{T). In this way, 
the functions / and their images ^c,T{f) under 5'c,t behave like quaternions. This 
implies at once that '^c,t is a *-homomorphism satisfying (b). 

It remains to prove (c). Indeed, (d) can be easily deduced from (c) as we did 
at the end of the proof of Theorem 17.81 In order to prove point (c) , we follow the 
strategy used at the end of the proof of Theorem l7.4l Let / =X[F{) G 5c (crs (T) , H) , 
let /(T) := ^crif) and let p ^ ^/(^^(t)). We must show that Ap(/(r)) has a 
two-sided inverse in 23(H). Let Apf : crs{T) — > H be the function sending q into 
~ fil)iP +P) + IpP- Such a function belongs to 5c(crs(r), H), because it is 
the slice function induced by the stem function ApFi := — Fi{p -\-p) + \p\^ . The 
function Ap/ is nowhere zero. Indeed, it there would exist y G <7s{T) such that 
^p/(y) = 0: then f(y) g Sp and hence p G ftf(^„g(^T))j which is impossible. In this 
way, we can define /' : crs{T) — > H by setting f'{q) := {/S.pf{q))~l. This function 
is an element of Sc{(Js{T),M) induced by the stem function (ApFi)~^. Evidently, 
equalities (|7.8|) (with f'{T) := ^'c.t(/')) hold also in this situation. The proof is 
complete. □ 

Remark 7.11. The map ^c,t depends on the choice of J if Ker{T — T*) ^ {0} (see 
Remark 17. 9|) and always on K . Indeed, K is not uniquely determined by T and 
^'c,t(ck) = if Ck is the function on <Js(T) constantly equal to k. 

7.4.2. Continuous slice functions ofT. We now come to the general case: we extend 
the previous definitions of the operator /(T) to every continuous slice function 
/e5(as(T),H). 

Given / € S{as{T),'H.), let /o, /i, /2, /s be the unique functions in 5R(CTs(r), H) 
such that f = fo + fij + /2K + fsji^ (see Lemma [6.11|) . Define 

f[T) /o(T) + /i(T) J + f2{T)K + f3{T)JK, 

where fe{T) denotes 4'R.T(/f) for every £ G {0,1,2,3}. From the definition, it 
follows immediately that the map / i— > f{T) is R-linear. Since ^'h^t is continuous, 
the map / 1— )• /(T) is also continuous; that is, there exists a positive constant C 
such that 

ll/(r)||<c||/|U 

for every / G S{as{T),M). Furthermore, we have: 

Proposition 7.12. Given f,g G S{as{T),M), the following facts hold. 

(a) If f G Sepias iT),M) or g G S,{as{T),M), then 

{f-g){T)^f{T)g{T). 

(b) If pG Cj and q G H, then 

{p-g){T)^pg{T) and {f ■ q){T) ^ f{T)q. 
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(c) Let f — fo + fij + /2 K + f-iJK. Then f G S{as{T),'El) and it holds: 

f{T)* = r{T) 

Proof. Let / = (/o + fij) + {h + f3j)K - /I + pK, where f := fo + fij, f^ := 
/2 + fsj e (cts (T) , H) , and similarly for g ~ + g^n. From jk = —kj, it follows 
that k-f = f'-k, where /' := (/o - fij) + (/a - /sj)^- Therefore 

f-g = {f+ f^) ■ ig' + g'n) = f ■ g' f^ ■ (g^ + {p ■ g^ + /2 . (.gi)') k 

and 

(/ • g){T) = f\T)g\T) - f^ {T){g')' {T) + {f\T)g\T) + f\T){g')' {T)) K. 

On the other hand, from 17.61 we get that 

f{T)g{T) = {f\T) + f{T)K){g\T)+g\T)K) = 

= f\T)g\T) - f{T){g'nT) + {f(T)g\T) + f{T){g^r{T)) K. 

From Lemma EJH we get that if / € 5c, (^^(r), H), then = 0, while if g G 
Sc{<Js{T),m), then (g^)' = {g^)* and (/)' = (.g^)*. In both cases, (/ • g){T) 
coincides with f{T)g{T) and (a) is proved. Part (b) is an immediate consequence 
of (a). 

It remains to prove (c). Since /* = (/o+/iJ+/2*k+./3 J'*)* = fo - fiJ- f2K- fsjn, 
(c) is a consequence of the following equality: 

fiT)* = fo{T)* - J/i(T)* - Kf2{Tr + KJf^{T)* = 

- foiT) ~ fl{T)J - f2{T)K - f3{T)JK. 

This proves the proposition. □ 

7.5. Slice regular functions of a normal operator T. As we recalled in the 
Introduction, an important subclass of slice functions is the one of slice regular 
functions, those slice functions that are induced by holomorphic stem functions. 
They were introduced in |15[ 116] as quaternionic power series and later generalized 
in [71 [20l [19] . A functional calculus for slice regular functions of a (bounded right 
H-linear) operator on quaternionic two-sided Banach module has been developed in 
[5] as an effective generalization of the (classical) holomorphic functional calculus. 
We recall the definition given in [5]. 

Definition 7.13. [51 Def. 4.10.4] Let be a quaternionic two-sided Banach mod- 
ule, let T G S(y) be an operator and let f : U — > EI be a slice regular function 
defined on a circular open neighborhood of <ys{T) in H. Fix any j G § and define 
the element f{T)reg of *8(T^) by setting 

(7.16) f(^r)reg:^^f Sz\s , T) ds f (s) . 

Here S]^^{s,x) denotes the Cauchy kernel for (left) slice regular functions. 

Proposition 7.14. Let T G 23(H) he a normal operator and let f : U — > W he a 

slice regular function defined on a circular open neighborhood of as{T) in H. Then 
f\crs{T) S S{as{T),M.) and it holds: 

(7.17) f{T)reg^flsiT){Ty, 

that is, the two functional calculi coincide if T is normal and f is slice regular. 
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Proof. Firstly consider the case of a H-intrinsic slice regular / £ 5R(r2, H), with il 
open neighbourhood of as{T). If / is a polynomial J2^=o <l"0'n with real coefficients 
an, then /(T),eg and f\as{T)iT) = «'r,t(/) are both equal to ^^=0 r"a« (cf. [H 
Theorem 4.8.10]). If / is a rational slice regular function, of the form / = p~^p' 
for two H-intrinsic slice regular polynomials p and p' , with p = I(-P) = I{Pi + 
iP2) ^ on crs(r) and p~^ = 1{{Pi + iP2)/P^), the algebraic properties stated in 
Theorem 17.41 and 'W, Proposition 4.11.6] give: 

*R,t(p)*R,t(/) = ^M.t{p') ^ p'{T)reg ^ p{T)regf{T)reg = ^mAp) f (T)reg , 

from which it follows that 4'r,t(/) — f{T)reg, since ^'r,t(p) is invertible. We now 
show that every / = T{F) e iSR(f2,E[) can be approximated in the supremum norm 
by rational H-intrinsic slice regular functions (see also [S] for a Runge Theorem for 
slice regular functions). Let /C C C, invariant with respect to conjugation, such 
that ilic = as{T). Given e > 0, the classical Runge Theorem assures the existence 
of a rational function R, with poles outside IC, such that \F{z) — R{z)\ < e/2 for 
every z G IC. Let R'{z) :— {R{z) + R{z))/2. Then R' is a rational stem function, 
whose induced slice function r is regular and H-intrinsic on a neighbourhood of 
crs(T). Therefore 



\\f-r\\,^^T)^snp\Fiz)-R'{z)\< 



F{z) ~ R{z) 



F{z) - R{z) 



< e 



Using Theorem 4.10.6] and the continuity of / i-^ f{T), we obtain the equality 
(TTTTD for every / G 5r(17, H). 

Now wc come to the case of a generic slice regular / G 5(57, H), decomposed as 
/ = /o + fij + /2K + fsJK, with fk S 5R(ri,H). From the above and |8i Proposi- 
tion 4.11.1] we get ([TTT]) : 

fiT)reg = h{T)rea + h{T)regJ + fliTUgK + h{T)regJK = 

= /o|as(T)(r) + /lU,(T)(T)J + /2U,(T)(T)i^ + h\.siT)(.T)JK = 
= /Us(T)(T). 

This completes the proof. □ 
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